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Abstract—Approximate Computing is a design paradigm that
trades off computational accuracy for gains in non-functional
aspects such as reduced area, increased computation speed, or
power reduction. Computing the error of the approximated de-
sign is an essential step to determine its quality. The computation
time for determining the error can become very large, effectively
rendering the entire logic approximation procedure infeasible.

As a remedy, we present methods to accelerate the computa-
tion of error metric computations by (a) exploiting structural
information and (b) computing estimates of the metrics for
multi-output Boolean functions represented as BDDs. We further
present a novel greedy, bucket-based BDD minimization frame-
work employing the newly proposed error metric computations
to produce Pareto-optimal solutions with respect to BDD size
and multiple error metrics. The applicability of the proposed
minimization framework is demonstrated by an experimental
evaluation. We can report considerable speedups while, at the
same time, creating high-quality approximated BDDs.

Index Terms—Approximate Computing, Design Space Explo-
ration, Multi-Objective Optimization, BDD Minimization, Logic
Minimization, Error Metrics

I. INTRODUCTION

Many applications in the domain of digital signal process-
ing, such as image processing, do not require computations
to be exact (see, e.g. [1]). This is due to the fact that the
human perception itself is not perfect. In other situations, it
might be difficult or even impossible to define what an exact
result would be or the customer is willing to accept non-perfect
results [2].

Approximate Computing [3, 4] is a design paradigm that
exploits this fact and trades off computational accuracy for
gains in non-functional aspects such as reduced area, increased
computation speed, or power reduction. There are two main
approaches to introduce changes to the design (see, e.g. [5])
in order to achieve gains in, e.g., computation speed: (a)
physical changes such as voltage over-scaling or over-clocking
(b) changes in the functionality of the design. In this paper,
we follow the second approach.

Let f be a Boolean function describing some functionality
that is implemented correctly, i.e. does not produce erroneous
outputs. By f we then denote a function that approximates the
original function f, i.e. f ~ f with some notion of similarity.

It turns out that determining the similarity between f and f
is surprisingly difficult. This greatly hinders design methods,
such as evolutionary algorithms, that rely on evaluating the
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similarity repeatedly. There is an obvious need for methods
that determine the similarity of a design f and its approxima-
tion f quickly or, at least, compute an estimate of the similarity
in a reasonable amount of time.

II. RELATED WORK
A. Error Metric Computation

The notion of similarity is captured by error metrics that
range from simply counting how often a design yields incor-
rect results to computing the mean squared error (see [6] for
a good overview).

Making use of BDDs for the computation of error metrics
is a common approach. In [7], miter circuits are represented
as BDDs in order to quickly determine the error rate between
the golden implementation and the approximation. The authors
of [8] introduce multiple BDD-based algorithms to compute
even more complex error metrics. In [9], the authors make
use of Algebraic Decision Diagrams and Grobner Bases in
a unified framework that allows the computation of all error
metrics introduced in [6].

All approaches, however, have in common that they reach
computational limits sooner or later. Studies on the complexity
of the error metrics have shown that they reside in complexity
classes #P and FP™P [10], explaining the scalability issues. In
the literature, researchers try to cope with this complexity by
using Monte Carlo Simulations, see e.g. [11].

B. Approximate Logic Synthesis

A common approach for approximate logic synthesis is to
perform a design space exploration using Cartesian Genetic
Programming in order to compute Pareto sets of approximated
circuits. In these works, either only a simple error metric
is used [7] or great efforts are made to speed up the error
metric computation by using a formulation specifically tailored
to work well with SAT solvers [12]. The authors of [6] are
capable of computing a high-quality Pareto front by restraining
themselves to 8-bit adders and multipliers.

In [13], an evolutionary algorithm working directly on the
BDD representation of designs is proposed. It automatically
adapts its preference for either the BDD size or the error metric
value in order to ensure that no good solution is lost due to
optimizing too much for a small error.

The authors of [14] choose to use cubes to represent the
designs being approximated. The cubes can be used both for
generating approximation candidates as well as for directly
computing the error rate.
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III. PRELIMINARIES
A. Notation and Conventions

In this paper, all functions will be of type f : B" — B™.
The m individual output functions are denoted as f;. The
interpretation of f(x) as a natural number with the usual
binary encoding is denoted by val(f(x)) . While all the
results presented in this paper extend to signed numbers,
we omit the details for simplicity. A function’s ON-set is
denoted by ON(f). As a shorthand, we define the absolute
difference function of f and its approximation f as d(x) :=
val(f(2)) — val(f(2))].

We make use of Binary Decision Diagrams (BDDs) [15]
to represent Boolean functions. For simplicity, a collection
of BDDs representing a multi-output functions will also be
referred to as “a BDD”.

B. Approximation Operations on BDDs

There are multiple methods of approximating functions
given as BDDs in order to reduce the BDD’s size. In this
paper, we restrict ourselves to the approximation operations
presented in [8] and exemplarily introduce the round-down/up
operations.

Definition 1 (Round-down/up): The two operations round-
down and round-up, | f |, and [ f],, take each node at level x;
and below and replace the child node with the smaller ON-set
with the 0- or 1-terminal, respectively. If both children have
the same ON-set, the low-child is chosen.

Example 1: Consider the function f represented by a BDD,
shown in Fig. 1(a). Applying the round-down operation at level
Z2, the BDD is reduced by two nodes. The affected edges are
highlighted by the x symbol. The resulting BDD is shown in
Fig. 1(b).

C. Error Metrics

There are many different error metrics for assessing the
quality of an approximated function f each measuring a
different aspect of the introduced error. Mrazek et al. give a
good overview over commonly used metrics in [6]'. While our
framework is capable of computing all error metrics from [6],
due to page limitations, only a selection will be presented in
this paper.

The error rate er counts how often the approximation and
the original function differ without taking into account any
semantic meaning of the output. The average-case error ace
computes the average absolute difference in the output of f
and f while the average-case relative error acre relates the
difference to the correct value of f:

er(f, f) = 2—” (f(x) #f@)) M
reB”
ace(f, f) : Z val(f(z)) —val(f(z))] ()
sere 1 val(f(x) = val(f(2))]
(5.9 Z e

'Note that we use a slightly different naming scheme for the error metrics.
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TABLE I: Computation times for different steps of error metric
computations in milliseconds.

Circuit Op. d=|f—f] ace(f,f) %ofd
€432 [flos 87 92 95
€432 [flan 53 57 94
c499  [flous 2023 2062 > 99
1355  [flurs 669 749 89

Example 2: Consider again the functions f and f from
Example 1. In Fig. 1(c), the corresponding truth table and
the numerical values are shown. This allows to determine the
following error metric values:

er(f,f) =3%s, ace(f,f) = s,

IV. ACCELERATING ERROR METRIC COMPUTATIONS

and acre(f, f) = 1/a.

A. Average-Case Error Computation

1) Avoiding Construction of the Characteristic Function:
In [8], the authors construct the BDD for the characteristic
function of d to compute the average-case error. It can easily
be seen in [8, Table III] that switching to an algorithm
constructing the characteristic function greatly increases the
computation time. It turns out that this construction can
be avoided entirely and ace can simply be computed by
determining the size of m ON-sets instead:

ace(f,f) = - > val(d(@)) = - > > 27" di(x)
zeBn zeB” 1=1
= LS ot g oN@,). @
i=1

Determining the ON-set can be done in linear time with respect
to the nodes of the BDD representing d.

2) Exploiting Approximation Operation Properties: The
time needed to construct d itself already makes up a con-
siderable percentage of the total computation time in many
cases. Table I contains a representative analysis of partial
computation times for the ace computation showing this?. It
is therefore desirable not to construct d at all. It turns out that
this is possible if the inequality val(f(x)) < val(f(z)) holds.
In this case, one does not need to construct any new function
but can directly compute the average-case error by re-suing
the idea from the previous section as

ace(f, ) = 5 30 vallf(@)) ~ g 3 val(f(x)

z€EB™ zEB™

1 1

= 50 D2 THON(fi) = 50 D2 IHON(f:).
i=1 i=1

It turns out that the round-down operation from [8] can
guarantee the even stronger subset property f;(z) < f;(x) for
1 <4 <'m (see also Fig. 1(c)). Using a full subtractor circuit
for the computation of d, the individual output bits are given
byd, =f; ® fz @ c; with the carry bits being computed as

(fine) V (fi A(fi V).

2See Section VI for details on the experimental setup.

Cit+1 =
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(a) BDD for f = (f1, fo) (b) BDD for f = | f]a,

e | fl@) flz) f#AF val(f(z) val(f(z))
000 10 10 0 2 2
001 10 10 0 2 2
010 10 00 1 2 0
011 01 01 0 1 1
100 11 01 1 3 1
101 01 01 0 1 1
110 01 00 1 1 0
111 10 10 0 2 2

(c) Truth Table and numerical values for f and f

Fig. 1: Example of the application of the round-down operation.

By induction, it can easily be shown that all ¢; are 0. Assume
that ¢; = 0 (which holds for the initial carry bit ¢p), then

cirr = (Fi NV (F A (v 0)) = Fo A fi ™™
This allows a quick computation of error metrics such as ace,
as the construction of d becomes trivial, i.e. d; = f; ® fl

As the average-case error is symmetric, i.e. ace(f,g) =
ace(g, f), the cases val(f(x)) < val(f(x)) and f;(z) < fi(x)
can be handled trivially by swapping the arguments to ace.
This makes the simplification applicable to the round-up
operation.

As long as the round-up and round-down operations are
not mixed in consecutive approximation steps, the proposed
construction of d can be used. This will be exploited by the
greedy, bucket-based BDD minimization algorithm presented
in Section V.

0.

B. Approximating the Average-Case Relative Error

Computing the average-case relative error is very expen-
sive; in [9], the authors had to report timeouts for some
of their benchmarks. Consequently, we propose an approx-
imation method for the error metric, computing an upper
and lower bound on acre. We further define the arithmetic
mean of these bounds to be an approximation of acre, i.e.
acre(f, f) := lowtupfa,

Our approach is shown in Algorithm 1. The idea is to
iteratively assume that the i-th bit of f evaluates to 1 and
the more significant bits evaluate to 0. The variable mask
represents this condition (see its creation in line 4). This mask
is applied to the computed absolute difference to create an
approximated difference d (line 5) and its average value is
computed (line 6). We then compute the upper bound for
the error of bit ¢ by further assuming all less significant bits
are 0 and dividing by 2'~!. The lower bound is computed
analogously. Note that in line 1 the simplifications discussed
in Section IV-A2 are applied if possible and that in line 6 the
idea from Section IV-Al is re-used.

The difference between the correct value for acre and its
approximation acre has an upper bound of

low

facre(f, f) — acre(f, f)] < ==
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Algorithm 1: Determining the lower and upper bound
of the acre error metric

input : Functions f and f .
output: Lower and upper bound on acre(f, f)

vd e [f—f]
2 low,up < 0
3 for i =1 tom do

4 maskefiA(/\;n:i+1f7j)Dmask:fmifi:m
5 d « (dy ANmask, ..., dn A mask)

6 avg 5 o 28T #ON (dy)

7 | low+ low+ (28 —1)"! - avg

8 up < up + (27171 - avg

9 return (low,up)

The relative width of the interval produced by Algorithm 1 is
at most 2, i.e. up/iow < 2.

V. GREEDY BUCKET-BASED BDD MINIMIZATION

BDD minimization, in general and in approximate settings,
using genetic algorithms is a common approach, see, e.g.,
[7, 13, 16]. The optimization problem inherently has a multi-
dimensional target space, minimizing both the BDD size and
the error introduced through the approximation. While this
makes genetic algorithms an appropriate choice, properly de-
signed greedy algorithms can compete as well. By quantizing
the space of possible error metric values, a single smallest
function approximation can be stored for each possible error
metric value tuple. For simplicity, the following description
will only apply to exactly one error metric. The method can
easily be extended to multiple error metrics.

Algorithm 2 depicts the proposed method. Given a maxi-
mum acceptable error metric value m., the algorithm splits the
range of error values into b buckets of equal size holding one
approximated function with an error in that range. Initially, all
buckets are initialized with the original function f.

The algorithm works by iteratively applying approximation
operations from a set of allowed operations A, e.g. rounding-
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down on all levels, to the function f. We support all approx-
imation operations defined in [8].

For each of these operations, the error metric is calculated
(line 8) and the matching bucket with index nb for the error
rate is determined (line 10). This computation is an implicit
check whether the threshold m. is reached: if nb is larger than
the number of allocated buckets, the error is too large.

If the error is in the accepted range and the newly created
function is smaller than the one currently in the bucket for
this error range (line 11), the function in the bucket is replaced
(line 12). Then, the bucket storing the currently used function,
cb, is greedily updated to refer to the function with the smallest
error metric value (line 13).

This process is repeated until all operations have been
applied. Afterwards, if the current bucket cb is larger than
the number of available buckets (i.e. the smallest error that
can be introduced is larger than the threshold), the algorithm
terminates.

The proposed method implicitly applies all ideas presented
in Section IV to reduce the run time. We omit the details for
didactic reasons.

After the algorithm has finished, buckets still containing the
initial function f are discarded. The remaining buckets then
form the computed Pareto front.

Algorithm 2: Greedy, Bucket-based BDD Approximation
input : Function f, approximation operations A

input : Error metric em

input : Error threshold m., number of buckets b
output: Pareto Front for size( f) and em(f, f)

> Initialize all buckets with original function

bucket; < f for 1 <i<b

ch 1 > starting bucket
while cb < b do > Within buckets with error below m,
d < bucket > Smallest function in buckets
chb—cb+1

foreach approx. operation approx € A do

d « approx(d)
e+ em(f,d)

¢ + size(d)
2] +1

e

N-T- RN - N N

nb

—
=)

> Bucket (i.e. error) for d
> Error below threshold and size reduction?

1 if nb < b and c < size(bucket,,;) then

12 bucket,p < d

13 cb < min{cb,nb}

14 return (buckety, ..., buckety)

Example 3: We illustrate the method using the data in
Table II with the error rate as the used metric. The upper
bound for the error rate is 5%. The range from 0% to 5%
error rate is divided into five buckets. Next to the function,
the corresponding BDD size is shown.

The first selection step (1 (s)) selects the function stored in
bucket 1 (highlighted in bold). To this function, all operations
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from the set A are applied (lines 3-13 in Algorithm 2),
yielding two new functions fl and f2 that are within the error
threshold and smaller in size than f (see step 1(a)). They are
placed in bucket 1 and 2 respectively.

The decisions in lines 11 and 13 of Algorithm 1 pick
bucket 1 for the next step (step 2(s)). After applying all
operations from A, the new functions fg and f4 are added
to the corresponding buckets (step 2(a)). The algorithm then
continues with bucket 2 (step 3(s)), even though the function
stored in it was not added in the previous step. This process
continues until there are no buckets left to pick unapproxi-
mated functions from.

In this example, this situation is reached after ten iterations.
The Pareto front for the objectives BDD size and error rate are
exactly the functions in the buckets in the last line of Table II.

TABLE II: Example run for Algorithm 2.

0%-1% 1%-2% 2%-3% 3%-4% 4%-5%
step  bucket; buckets buckets buckety buckets
1(s) £ 280 f 280 f 280 f 280 f 280
1@ fi 247 f, 256
2() £ 247 f, 256 f 280 f 280 f 280
2 (a) fi 196 fs 150
3(6) fi 247 o 256 f, 196 f 280 f3 150
10 (@) fi 247  fis 171 fi2 130 for 111 foy 109

The presented approach can trivially be extended to compute
a Pareto front containing multiple error metrics. Instead of a
list of buckets, a multi-dimensional grid of buckets can be
used. The computation of nb is then performed individually
for each error metric.

VI. EXPERIMENTAL RESULTS

We implemented all methods and algorithms presented in
this paper in C++ using the CUDD framework [17] for
manipulating BDDs. To facilitate reproduction and further
works, we publish our framework on github®. The experiments
were performed on an Intel® Core™ i5-4200U CPU @ 1.60
GHz running Linux (Ubuntu 18.04). Proper measures were
taken to avoid contaminating timing measurements with the
caches employed by CUDD. To provide accurate millisecond
timings, the google benchmark library* was used.

As examples for real world functions, the ISCAS’85
dataset [18] and approximate adders from the KIT open-source
Approximate Adder Library [19] were used.

A. Average-Case Error Computation

We evaluated the computation of the average-case error
when using the new improved ON-set based algorithm. The
characteristic function based computation from [8] is used as
a baseline. Table III shows the computation time of these two

3https://github.com/keszocze/abo
“https://github.com/google/benchmark
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TABLE III: Comparison of computation time for characteristic
function and ON-set based average-case error in milliseconds.

Circuit  Operator Previous [§] Proposed Speedup
c432 [fzss 81 11 7
c499 LS a6 4602 43 107
c1908  [flaar 122835 23 5341

algorithms when applied to approximated circuits from the
ISCAS’85 dataset. It can be seen that the proposed method is
faster than the previous one based on characteristic functions.

While for smaller functions the speed improvement is
around a factor of ten, it increases with increasing number
of nodes in a function. This result is expected as the proposed
average value computation examines every node in the BDD
exactly once and thus runs in linear time. In comparison, the
characteristic function based implementation may construct an
exponential number of new nodes.

B. Approximating the Average-Case Relative Error

To justify approximating the average-case relative error, we
compare the computation time and accuracy of the approxi-
mate versions with exact computation methods. For computing
the average-case relative error exactly, so far only the ADD
based computation introduced in [9] is known.

Table IV shows the results of our approximate computation
when compared to the reference implementation [9]. Both ap-
proaches were run on a selection of approximate adders taken
from the open-source KIT library [19]. The table presents
the circuit name, the exact error and our approximated error,
the relative error, the runtimes and speedup achieved by our
approximation method.

The speedup ranges from around five to ten for small 8-
bit adders to roughly 23,000 for 16-bit adders. At the same
time, the relative error never exceeds 0.05 which is within an
acceptable range. For larger circuits, the relative error cannot
be calculated as the reference implementation times out after
60 minutes and, therefore, no values to compare against could
be obtained.

C. Greedy Bucket-based BDD Minimization

1) Single-Error-Metric Optimization: To demonstrate the
effectiveness of the proposed greedy BDD minimization pro-
cedure, we ran it on different functions from the ISCAS’85
dataset. As a baseline comparison, the genetic optimization
framework pagmo?2 [20] was used, running NSGA-II [21] to
jointly minimize BDD size and error metrics. Both algorithms
were given the same set of approximation operations to select
from and were allowed the same amount of computation time.

Table V shows the results of running the NSGA-II-based
algorithm and our proposed approach. As the benchmarks
aren’t arithmetic functions, the error rate was chosen as the
error metric and the maximum accepted value for the error rate
was set to 5%. A total of 15 buckets was used. We report the
smallest function found below the threshold of 5% error rate.

As the set of possible approximation operations, all operations
introduced in this paper were used. They were applied to every
variable independently for every sub-function f;.

It can be seen that the proposed method performs well,
with respect to runtime as well as to the objectives error rate
and BDD size. Except for the ¢3540 function, the proposed
method runs faster than the NSGA-II approach. The speedup
is within the range of 1 to 10 with comparable error rates. As
can be seen, the BDD sizes produced by the proposed method
never exceed the NSGA-II results while improvements up to
using only 70% of the NSGA-II size can be reported.

2) Multi-Error-Metric Optimization: To further demon-
strate the applicability of the proposed BDD minimization
framework, we present results for optimizing the size as well
as the two error metrics error rate and average-case error at
once in Table VI. In this experiment, we aim to compare
ourselves against the adders from [19]. For each error metric,
the number of buckets is 10 and the threshold for the error rate
is 5% in all experiments. The threshold on the average-case
error is set to 7, 35, and 9000 for 8, 16, and 32 bit, respectively.
In comparison to the NSGA-II-based approach, the proposed
method sill runs ~ 5.5 times faster on average. The resulting
functions are comparable to the results from [19]; for 8-bit
adders, in fact, identical functions were found by our approach.

VII. CONCLUSION

In this paper we presented multiple means for the accel-
eration of error metric computations as well as a greedy,
bucket-based BDD minimization approach exploiting these
accelerations. The experiments clearly show that considerable
speedup were achieved while, at the same time, Pareto front
for multiple error metrics close to results from state-of-the-art
approximate logic synthesis approaches.

To allow for further research by interested scientists, we
publish our framework as open-source on github.
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