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Abstract—Bayesian optimization with Gaussian Process (GP)
models has been proposed for analog synthesis since it is efficient
for the optimizations of expensive black-box functions. However,
the computational cost for training and prediction of Gaussian
process models are O(N?) and O(N?), respectively, where N
is the number of data points. The overhead of the Gaussian
process modeling would not be negligible as N is relatively
large. Recently, a Bayesian optimization approach using neural
network has been proposed to address this problem. It reduces
the computational cost of training and prediction of Gaussian
process models to O(N) and O(1), respectively. However, reduc-
ing the infinite-dimensional kernel to finite-dimensional kernel
using neural network mapping would weaken the characteri-
zation ability of Gaussian process. In this paper, we propose
a novel Bayesian optimization approach using Sparse Pseudo-
input Gaussian Process (SPGP). The idea is to use M < N
so-called inducing points to build a sparse Gaussian process
model to approximate the conventional exact Gaussian process
model. Without the need to sacrifice the modeling ability of the
surrogate model, it also reduces the computational cost of both
training and prediction to O(N) and O(1), respectively. Several
experiments were provided to demonstrate the efficiency of the
proposed approach.

Index Terms—Bayesian optimization, Sparse Gaussian Process,
Analog Circuit Synthesis

I. INTRODUCTION

Analog circuit design automation attracts more and more
research interests over the past decades. Generally, the analog
circuit design automation consists of two major components,
i.e., topology selection and device sizing. We focus on the
device sizing problem in this paper. Due to the serve process
variations and more and more complicated device structures,
the device sizing problem becomes more and more compli-
cated.

The conventional device sizing approaches can be classified
into two categories: model-based and simulation-based ap-
proaches. Model-based approaches build mathematical models
of circuits firstly. The optimization is conducted based on
the built mathematical models. A typical model-based method
is geometric programming based method [1], which uses
posynomials to model the circuits. The circuit optimization
problem can then be transformed to convex optimize prob-
lem, and thus the global optimum could be easily found.
General polynomials can also be used to model the circuits,
and Semidefinite-Programming (SDP) relaxations could be
used to transform the polynomial programming problem to
a convex programming problem [2]. The main advantage
of the model-based approach is that once the models were
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built, the computational cost would be much lower than the
simulation-based approach. However, the global optima of the
constructed model may deviate from the real global optima of
the circuit performance. And a globally accurate model is not
computationally affordable.

On the contrary to model-based approaches, simulation-
based approaches view the performances of circuits as black-
box functions. The function values are obtained by directly
simulating the circuits. Many well-known heuristic optimiza-
tion methods such as simulated annealing (SA) [3], par-
ticle swarm intelligence (PSO) algorithm [4], evolutionary
algorithm [5], and multi-start optimization algorithm [6] [7]
were employed to efficiently explore the design space and
avoid falling into the local optima. Although the simulations
were invoked on-the-fly, the convergence rate of the heuristic
methods were relatively low.

Surrogate-model based optimization approaches have been
proposed recently [8] [9] [10], which combine the model-based
and simulation-based approaches. In contrast to the models
built beforehand in model-based approaches, the surrogate
models are built on-the-fly during the optimization procedure.
The surrogate models are updated once new data points are
obtained. The number of circuit simulations can thus be greatly
reduced. The Gaussian Process Regression (GPR) is the most
widely used surrogate model, because it provides both predic-
tive means and uncertainty estimations. In GASPAD [11], the
GPR surrogate-model combined with evolutionary algorithm is
proposed for microwave circuit synthesis. In [12], GPR based
Bayesian optimization approach has been applied to analog
circuit synthesis. In [12], the weighted Expected Improvement
(WEI) is leveraged as the acquisition function to facilitate the
optimization procedure.

Although the surrogate model is able to greatly reduce
the number of circuit simulations during the optimization
procedure, the overhead of construction and evaluation of the
surrogate models would not be negligible when the dataset
becomes relatively large. The computational cost for training
and prediction of Gaussian process models are O(N?3) and
O(N?), respectively, where N is the number of data points.
Recently, a Bayesian optimization approach using neural net-
work has been proposed to address this problem [13]. It
reduces the computational cost of training and prediction of
Gaussian process models to O(N) and O(1), respectively.
In [13], the GPR model is derived from a weight space view.
The original data is mapped to a finite-dimensional feature
space using neural network, and the GPR model is then derived
through Bayesian linear regression. It can be regard as a
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degenerate Gaussian process with finite-dimensional kernel
function, which would weaken the modeling ability of the
surrogate model.

To chart a way out of this dilemma, we propose a novel
Bayesian optimization approach using Sparse Pseudo-input
Gaussian process (SPGP) [14] in this paper. The idea is to gen-
erate M so-called inducing points and define the covariance
matrix of the M inducing points to approximate the covariance
matrix of the N data points. The proposed approach can also
reduce the computational cost of training and prediction to
O(N) and O(1), respectively. The sparse Gaussian process
regression models are widely used for building regression
models with large datasets. However, they are rarely used
in Bayesian optimization as surrogate model. An adaptive
strategy for selecting inducing points is designed to improve
the modeling ability and accelerate the optimization procedure.
Without sacrificing the modeling ability of the surrogate
model, the kernel of the proposed approach remains infinite-
dimensional and retain most of data information. It would be
efficient whilst still preserving the desirable properties of the
exact GP. Several experiments were provided to demonstrate
the efficiency of the proposed approach.

The rest of the paper is organized as follows. In section II,
we will review the background of analog circuit sizing and
Bayesian optimization based on the GPR model. In section
III, we will present our proposed Bayesian optimization using
Sparse Pseudo-input Gaussian process. The efficiency of our
proposed approach will be demonstrated with two real-world
circuits in section IV. And we conclude the paper in section
V.

II. BACKGROUND

In this section, we will review the background of analog cir-
cuit sizing problem and the GPR-based Bayesian optimization
approach.

A. Problem Formulation of Analog Circuit Sizing

The analog circuit sizing problem can be formulated as a
constrained optimization problem:

minimize f(x)
s.t. ci(x) <0 (1)
Viel...Ng,

where x € R represents d design variables, f(x) denotes the
Figure of Merit (FOM) of the analog circuit, and ¢;(x) is the
i-th constraints of the N, constraint functions that need to be
satisfied.

B. Bayesian Optimization

Bayesian Optimization framework has emerged as a pow-
erful solution for black-box function that is costly and
noisy [15]. Bayesian optimization incorporated prior belief
about the objective function and updated the prior with sam-
ples drawn from the simulations to get a posterior that better
approximates the black-box function. The probabilistic surro-
gate model, which provides prediction and uncertainty, is used
to approximate the function. An acquisition function, which is
used to balance the exploration and exploitation, is utilized in
the Bayesian optimization to guide the optimization [15]. By
maximizing the acquisition function value, a sequence of query

point can be selected to facilitate the optimization procedure.
The value of the black-box function at the new location can
be obtained by simulation and added to the training set. The
surrogate model will then be updated and the optimization
procedure continues. Gaussian process regression model is a
widely used surrogate model in Bayesian optimization.

C. Gaussian Process Regression

Consider a scalar black-box function f(z), where € R% is
the input vector. Given a set of N training data (X, y), where
X ={x1, - ,xn} denotes the input and y = {y1, - ,yn}
represents the observations drawn from the black-box function
f(x). y would be different from f(x) if observation noise is
considered.

Gaussian process regression model assumes that f(x) can
be regarded as a Gaussian process, which means any finite
samples (e.g., N samples) drawn from the black-box function
f(x) follow a joint Gaussian distribution f ~ N(u, K),
where p = {p(x1), -+ ,pu(xn)} is the mean vector and
K € RN*N js the covariance matrix. The mean function p(x)
could be any function, and the element K; ; of the matrix K
is drawn from a kernel function k(x;, ;). In this paper, we
follow the suggestion of [12] and set the mean function as
m(x) = po and the kernel function as:

1
ksg(xi, ;) = O'? exp (— 5(% —wj)TAfl(wi — mj)), 2)

where 1o, o7 and A = diag(i7,13,...,13) are hyper-
parameters to optimize. By using the assumption that N
training data points follow joint Gaussian distribution, these
hyper-parameters could be obtained by maximum likelihood
estimation [12].

Gaussian process regression aims to build a regression
model to predict the value y* of the black-box function at
a new point x*. With the assumption of Gaussian process, the
vector y and y, follow a known joint Gaussian distribution

Y| m(x.)| |[k(xs, zs) k(zs, X)
Bl (] i) e
A Gaussian noise ¢ ~ N(0,02) can be introduced to model
the observation noise of f(z) [12]. The prediction of the
Gaussian process regression model is a Gaussian distribution
y* ~ N(u(z*),o?(z*)) [12], where
Py = m(@s) + k(z, X)(Ky +071) " (y —m)
Gi*ly k(xw, xy) — k(zw, X)(Ky + 021) k(X z,).
D. Acquisition Function

“)

Acquisition function is used to balance exploration and
exploitation in Bayesian optimization. A popular function is
the Expected improvement (EI) function [12]

El(@) = Emax(0,y — )], (5)

where E means the mathematical expectation, and 7 means
the current minimal objective value. EI(x) thus denotes the
expected improvement with the Gaussian process regression
model.

To handle the constraints, the expected improvement can be
weighted by the probability of the constraints are met [12]

wEI(z) = El(z)[], PF(ci(z) <0), (6)
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where the PF;(x) indicates the probability of the i-th con-
straint satisfied.

III. BAYESIAN OPTIMIZATION WITH SPARSE
PSEUDO-INPUT GAUSSIAN PROCESS (SPGP)

The computational cost for training and prediction of Gaus-
sian process models are O(N?3) and O(NN?), respectively [13].
The overhead of the Gaussian process modeling would not be
negligible as the number of data points N becomes relatively
large. This is mainly because an inverse of a N x N dense
matrix K + 021 is involved in the training process of the
Gaussian process regression, as shown in (4).

An intuition to reduce the computational cost is to find
a low-rank approximation of the full-rank matrix. Such an
intuition leads to a series of so-called sparse Gaussian process
models. In [16], a subset of M inducing points are selected
directly from the training points, and the full-rank matrix Ky
is approximated by a M -rank matrix derived from the selected
M data points. However, the selection of the inducing points
are complicated and the rest of the training data are not fully
utilized. In [17], instead of selecting inducing points directly
from the raw training data, a set of pseudo inducing points
were defined, and the pseudo inducing points are generated
by maximum likelihood estimation with all the training data
points. These sparse Gaussian process regression models are
widely used for building regression models with large datasets.
However, they are rarely used in Bayesian optimization as
surrogate model.

In this section, we take the sparse pseudo-input Gaussian
process model in [17] as our surrogate model for Bayesian
optimization. It reduces the computational cost of training and
prediction of Gaussian process models to O(N) and O(1),
respectively. We propose an efficient strategy to determine
the inducing points, which could effectively accelerate the
optimization procedure.

A. Sparse Pseudo-input Gaussian Process

In order to find a sparse approximation of the origi-
nal covariance matrix, a set of M latent variables u =
[t1, -+ ,uy]T is introduced, where M is much smaller than
the number of training data points N. These latent vari-
ables are also referred as inducing inputs, inducing variables
or pseudo inputs [17]. These latent variables are samples
of a Gaussian process at a set of input locations X, =
{z{, -+, 2%}, which means that [uj,--- ,u,,] also follows
a joint Gaussian distribution. Without loss of generality, we
assume that

w~ N0, Kuu), @)

where K, ,, € RM*M denotes the covariance matrix of the
latent variables. The location of the pseudo input points X,
and the parameters of this joint Gaussian distribution are taken
as hyper-parameters, which would be learned from the training
data as discussed later.

We aim to predict the output y* at * with the know training
data X = {x1, - ,xy} and f = {f1, -+, fn}. Note that
we use y = {y1,- -+ ,yn} to represent the observations drawn
from the black-box function. y would be different from f if
noises is introduced.

We follow the idea in [17], where the outputs of the black-
box functions as well as the observations y are assumed to

be conditionally independent given the latent variables wu, as
shown in Fig. 1. The name inducing comes from the fact that
fi and f; communicate through w. With this assumption, we
have

p(fi, filu) = p(filu)p(fjlu), Vi # j,
and
P(yi, yjlu) = p(ys|w)p(y;lu), Vi # j.

By taking the latent variables or pseudo inputs as training
data points, we can get the distributions of y; (or y*) according
to (4) by setting the mean function and covariance matrix to
those in (7), i.e.,

p(yilu) =

N(Kwi,uK’l:,]';J,u? diag(Kﬂ:mwi - KﬂCuuK;}uKu,wr;,) + 0(7218))5
where Ky, ., € RY*M denotes the covariance between f;
and the inducing variables u, and K, 4, is the transpose of
K, v 0y is introduced to model the observation noise for
training data. The distribution of y* can be obtained similarly
by replacing x; with x*.

According to the conditionally independent assumptions, we

have

pylu) = _Hp(yilu)- ©9)

By integrating (9) over the inducing variable u, we could
get the marginal likelihood of y
(10)

py) = [p(ylu)p(u)du.

The hyper-parameters and the locations of inducing variables
X, could be obtained by maximizing the marginal likelihood
p(y).

The prediction of y* is also a distribution, which could
be expressed as conditional distribution p(y*|y). It can be
obtained through Bayes’ theorem

(Y« Y)
p(y)

where p(y., y) and p(y) could be obtained similarly from (10).
For simplicity, we show results here

Q. x[Qn+T] 'y
Kw*,w* - Qa:*,X[QN + I‘}ilQX,w* + 0—7217(12)

where QN = KX,XuK;(i,XuKXu,X and K,  x, denotes
the covariance between predict point x, and inducing point
X,,and T = diag(KX’X — QX,X) -+ 0'7211—.

Equation (12) is similar to the prediction of the exact
Gaussian process as shown in (4). By simply substituting the
full-rank covariance matrix with a low-rank one Q' = Qn +T
in (4), we can get prediction of the sparse Gaussian process
model.

= N(p‘*a Uf)v

p(y«ly) = (1

Hx =
O =

B. Inducing-Point Selection Strategy

In [16], the inducing points are selected explicitly from the
real training data points, which is a complicated combinato-
rial optimization problem. In Sparse Pseudo-input Gaussian
Process [17], the inducing points are selected by maximizing
the marginal likelihood (10). For numerical considerations, we
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Fig. 1. Conditionally Independent Assumption.
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Fig. 2. (a) Prediction with randomly initialized inducing points, and (b)
Prediction with inducing points after optimization.

minimize a negative log-likelihood function instead, which can
be expressed as

L(0, X,) = log|Qn +T|+y" (T +T) "'y + Nlog2n, (13)

which could be efficiently solved by gradient-based algo-
rithms, e.g., L-BFGS algorithm [18].

Note that L(0, X,,) is generally a non-convex function. It
may have many local minima, which leads to different fitting
results. In our proposed approach, the regression model is
taken as surrogate model for optimization. We should care-
fully select the inducing points to accelerate the optimization
procedure.

We use a one-dimensional example as shown in Fig. 2 to
study the affects of the selection of inducing points. In Fig.
2(a), we show the prediction result with randomly initialized
inducing points before minimizing (13). In Fig. 2(b), we
shown the prediction result with the inducing points which
minimizing (13). From Fig. 2, we have the following observa-
tions. Firstly, the prediction accuracy in a region is higher if
more inducing points are located in this region. Secondly, the
inducing points would spread after optimization. Nevertheless,
we found in our experiments that the distribution of the
inducing points after optimization are mainly determined by
the initial values, especially for high-dimensional problems.

Inspired by these observations, we propose an efficient
strategy to select the initial values for minimizing (13), which
could significantly accelerate the optimization procedure. In
the beginning stage of the optimization, we need to explore
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Fig. 3. Comparison of convergence speed for random initialization and our
proposed strategy.

more design space. Thus, during the optimization of (13),
we initialize the inducing points randomly. As the Bayesion
optimization continues, a set of specific regions would be
explored. Thus, we will initialize the inducing points as
M latest query points during Bayesian optimization, which
would located in the specific regions to be explored. After
minimizing (13), the optimized inducing points would spread
to guarantee the exploration. Nevertheless, it would also ensure
the prediction accuracy over the specific regions, which could
improve the prediction accuracy in the regions to be explored
and thus efficiently accelerate the optimization procedure. As
shown in Fig. 3, our proposed strategy could achieve much
higher convergence speed compared with random initialization
for the optimization of a three-stage amplifier.

C. Computational Complexity Analysis

We will analyze the computational cost of training and pre-
diction of SPGP model in this subsection. In this subsection,
N denotes the number of training points, and M is the number
of inducing points, which can be viewed as a constant.

For both training (13) and prediction (12) of the SPGP
model, the computational cost is dominated by the inverse of
the N x N matrix Q' = Qu +T. Different from the exact GP,
Qn + 1T is a low-rank matrix, the computational cost can thus
be reduced. According to Woodbury formula [19], the inverse
of the low-rank matrix can be written as

Qn+T) ' =T"'-T"'Kx, xB 'Kx x,I'"!, (14)

where B = K, + Kx, xI' "' Kx x,. The computational
cost for the calculation of B is O(NM?). The cost for I'"!
is O(N), since it is a diagonal matrix. So the computational
cost of calculating [@y + I'|~! is approximately O(NM?).

Since the parameters of the sparse kernel varies during
the training stage, the calculation of @’ is required for each
iteration, which leads the complexity for training to O(N M?).
Once the training is done, [Qx + T~ is fixed. We could pre-
compute it before predictions. Then, the computational cost
for prediction is O(M?), which can be viewed as constant
computational cost.

IV. EXPERIMENTAL RESULTS

In this section, we will demonstrate the efficiency of our
proposed approach by two real circuits. Our proposed ap-
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Fig. 4. Schematic of the three-stage amplifier [20].
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proach is implemented in C++. We compared our proposed
approach with the existing methods including Bayeisan op-
timization using Neural Netowrk (BONN for short) [13],
WEIBO [12], GASPAD [11], and DE [5]. The two test-
cases were provided by the authors of [12]. The results of
WEIBO [12], GASPAD [11], and DE [5] were taken directly
from [12]. We tested BONN [13] and our proposed approach
on a Linux workstation with 2 Intel Xeon CPUs and 128G
memory.

A. A Three-stage Amplifier

The first case is a three-stage amplifier [20] which is
implemented in a TSMC 0.35um technology. Its schematic
is shown in Figure 4. There are 24 design variables in this
circuit. The design variables include the sizes of transistors,
the resistance, capacitance, and the bias current.

We aim to minimize the static current Iq with an acceptable
DC gain, unit gain frequency UGF, gain margin GM, phase
margin, rising slew rate SRR, and falling slew rate. The
specification of design is listed in (15).

minimize Iq
s.t. GAIN > 100dB
UGF > 0.92MHz
PM > 52.5° (15)
GM > 19.5dB
SRR > 0.18V/us
SRF > 0.2V/us.

To eliminate the effects of random fluctuations, we ran
all the optimization algorithms 12 times. We have set the
maximum allowed number of simulations as 800 for our
proposed algorithms and 900 for BONN [13]. The number
of inducing points is set to 50 for our proposed approach.
X, is initialized here as the latest collected data points to
accelerate the optimization process. For the other algorithms,
the maximum number of simulations is limited to 3000 as
described in [12].

The optimization results are shown in Table I. The results of
WEIBO [12], GASPAD [11] and DE [5] were taken from [12]
directly. Here ‘#success‘ means that we have found a feasible
solution. As we can see, all algorithms can find feasible
solution, but our proposed methods give the best result on
average. Compare with WEIBO [12] and BONN [13], we
have reduced the number of simulations by 35.9% and 35.6%,
respectively. Moreover, compared with the best results of
WEIBO [12] and BONN [13], the best Iq of our proposed
approach is reduced by 0.84 and 1.7, respectively.

TABLE I
THE OPTIMIZATION RESULTS OF THE THREE-STAGE AMPLIFIER. THE
RESULTS OF WEIBO, GASPAD AND DE COME FROM [12]

Algo Ours BONN  WEIBO GASPAD DE
GAIN/dB 100.85 101.57 100.57 101.6 102.73
UGF/MHz 0.922 0.936 0.922 0.924 0.956
PM/° 52.63 53.38 52.52 52.60 54.62
GM/dB 19.69 19.92 19.76 20.05 20.62
SR+(V/ps) 0.25 0.21 0.20 0.24 0.21
SR-(V/us) 0.46 0.51 0.46 0.55 0.54
Iq(mean)/pnA 27.08 29.34 27.87 31.55 41.26
Iq(median)/pA - 27.00 28.80 27.65 31.47 40.70
Iq(best)/ nA 25.86 27.56 26.70 28.36 37.32
Iq(worst)/ pA 29.26 32.44 29.30 34.47 46.09
Avg. # Sim 515 805 798 2744 2400
# Success 12/12 12/12 12/12 12/12 12/12

Our Bayesian optimization approach with sparse Gaussian
process model could obtain better results than the WEIBO [12]
with exact Gaussian process. This is mainly because the sparse
Gaussian process model could efficiently prevent the surrogate
model from overfitting.

Our proposed approach could also obtain better results
than BONN [13]. This is mainly because the kernel of the
sparse Gaussian process model is still infinite-dimensional.
The kernel used in BONN [13] is finite-dimensional, which
would weaken the modeling abilities of Gaussian process
models.

B. Voltage-Controlled Oscillator

The second test case is a Voltage Controlled Oscillator
(VCO), which is implemented in a SMIC 40nm process. It
consists of 131 transistors, and the circuit is shown in Figure
5. There are 20 design variables in this design. It considers
a total of 10 PVT corners. The simulation of VCO itself is
time-consuming.

For this circuit, we aim to minimize the variation of the
output frequency, with the constraints of the linearity and the
slope of the frequency-voltage curve. The specifications are
listed as (16).

minimize FOM
s.t. kmin > 300MHz/V, (16)
Ropin > 0.95.
where
kmin - minVPVT(k)’
min = Minypyr(R), a7
FOM 10 x (o(fl) +0-(fh))

u(fr)  wu(fn)

In (17), kpin is the minimum of measured slopes k in all
corners; R, 1s the minimum of the measured correlations.
u(+) and o(+) in the Figure of Merit (FOM) expression rep-
resent the standard deviation and mean function, respectively.
The FOM consists of the standard deviation and the mean of
the f; and fj, which are used to model the variation of the
output frequency.

The optimization results are shown in Table II. In this
experiment, we also ran BONN and our proposed approach
12 times. The results of WEIBO [12], GASPAD [11] and
DE [5] were taken from [12] directly. The maximum number
of simulations is limited to 300 for our proposed approach and
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Fig. 5. Schematic of the voltage controlled oscillator [12].

TABLE 11
THE OPTIMIZATION RESULTS OF THE VCO. THE RESULTS OF WEIBO,
GASPAD AND DE COME FrROM [12]

Algo Ours BONN  WEIBO GASPAD DE
k(MHz/V) 336 336 355 368 368
r 0.996  0.996 0.997 0.998 0.998
FOM(mean) 3.78 3.88 3.81 3.90 4.08
FOM(median)  3.78 3.89 3.82 3.88 4.08
FOM(best) 3.75 3.84 3.78 3.82 3.96
FOM(worst) 3.82 3.90 3.82 4.01 421
Avg. # Sim 136 278 181 917 577
# Success 12/12 12/12 12/12 12/12 12/12

WEIBO [12]. For BONN [13], it is set to 350. For all the other
approaches, the maximum number of simulations is set to 1000
as described in [12]. As shown in II, our proposed algorithm
can find the best FOM with the lest number of simulations.
Compare with BONN [13] and WEIBO [12], we reduced the
number of simulations by 51.4% and 25.2%, respectively.

V. CONCLUSION

In this paper, we propose a sparse pseudo-input Gaussian
process based Bayesian optimization approach for analog
circuit synthesis. The proposed approach can reduce the
computational cost of training and prediction to O(N) and
O(1), respectively, while retaining the infinite-dimensional
kernel characteristics as Bayesion optimization approach with
exact Gaussian process model. The efficiency of the proposed
approach has been verified with two real-world circuits.
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