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Abstract—Multiprocessor platforms, widely adopted to realize
real-time systems nowadays, bring the probabilistic characteristic
to such systems because of the performance variations of complex
chips. In this paper, we present a harmonic partitioned scheduling
scheme with workload awareness for periodic probabilistic real-
time tasks on multiprocessors under the fixed-priority preemptive
scheduling policy. The key idea of this research is to improve the
overall schedulability by strategically arranging the workload
among processors based on the exploration of the harmonic
relationship among probabilistic real-time tasks. In particular,
we define a harmonic index to quantify the harmonicity among
probabilistic real-time tasks. This index can be obtained via the
harmonic period transformation and probabilistic cumulative
worst case utilization calculation of these tasks. The proposed
scheduling scheme first sorts tasks with respect to the workload,
then packs them to processors one by one aiming at minimizing
the increase of harmonic index caused by the task assignment.
Experiments with randomly generated task sets show significant
performance improvement of our proposed approach over the
existing harmonic partitioned scheduling algorithm for proba-
bilistic real-time systems.

I. INTRODUCTION

With the rapid development of chip technology, complex
multiprocessor platforms are more and more widely applied in
safety-critical domains to accommodate the increasingly high
demand from computationally-intensive workloads. Although
they can provide better average execution time for every task,
extremely large worst case execution time (WCET) may be
experienced by some tasks due to the complexity of archi-
tecture, leading to high over-provisioning to meet real-time
requirements in the real-world implementation. To alleviate
the over-provisioning while satisfying real-time constraints,
probabilistic approaches were proposed to handle the uncer-
tainties in WCETs [1]. Furthermore, safety-critical systems
in avionics, automotive and industrial control tend to integrate
multiple functionalities with different safety requirements on a
shared platform, where the safety is usually certificated based
on the failure probability [2]-[4]. Therefore, it is important
to provide an efficient multiprocessor scheduling strategy for
real-time systems with probabilistic WCETs, such that proba-
bilistic safety requirements can be guaranteed while achieving
efficient resource utilization.

Edgar and Burns [5] presented the pioneer work on the
probabilistic occurrence of the WCET of a real-time task
in 2001. Since then, a rich literature has developed for
probabilistic real-time scheduling in uniprocessor platforms
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(e.g., [6]-[13]). Recently, efforts on the probabilistic real-time
scheduling have shifted towards multiprocessor platforms. For
probabilistic real-time tasks on multiprocessors, Wang et al.
[14], [15] introduced a harmonicity aware task partitioned
scheduling algorithm. Its key idea is to explore the harmonic
relationship among tasks, and allocate tasks with harmonic
periods to one processor in order to improve the system usage.
Experimental results showed that the system schedulability
was greatly improved compared to the traditional bin-packing
approaches. However, this existing solution has three major
drawbacks:

o It cannot fully capture the harmonic relationship of tasks
on multiprocessor platforms. This approach quantifies the
harmonic relationship among all unassigned tasks with
respect to reference tasks. However, the harmonicity of a
subset of tasks deployed on one processor only depends on
the tasks assigned to this processor, rather than other tasks.

o The performance degrades when serving heavy (high-
utilization) tasks. This is because it performs resource
allocation on the basis of task groups, but does not consider
the workload characteristic of each task, which leads to the
“fragmentation” problem (see Section III-A for details), —
some tasks cannot be allocated even though there remains
relatively large total capacity on all processors.

o It requires a significant number of feasibility tests when de-
termining candidate harmonic sub-task sets. This is highly
undesirable because the feasibility test for probabilistic
real-time systems is exponentially complex with respect to
the number of tasks and the size of probabilistic WCETsS [8]
(which may involve thousands of parameters for complex
real-world applications [16]).

In this paper, we propose a novel probabilistic real-time
scheduling scheme to overcome all the above problems. In
particular, we develop a workload-aware harmonic partitioning
algorithm (named HWAP) which integrates both harmonic-
ity and workload characteristic into the proposed scheduling
scheme to solve the fragmentation problem and improve the
system schedulability. One major contribution of this paper lies
in the design of a harmonic index to quantify the harmonic
relationship among tasks based on their probabilistic cumu-
lative worst case utilization. Before the task assignment, all
tasks are sorted with respect to the workload in a decreasing
order to reduce the fragmentation. Then the sorted tasks are
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packed to processors one by one, which can achieve a minimal
increase on the harmonic index caused by the deployment of
tasks. HWAP can enable the efficient resource optimization
with relatively low computational cost. This is because (i)
the fragmentation problem is effectively alleviated; (ii) when
computing the harmonic relationship of unassigned tasks, in
contrast to the existing approach [14], [15], we will not
consider all tasks in the unassigned task set as reference tasks,
but only select tasks that are potentially assigned to the same
processor. Furthermore, we evaluate the proposed scheduling
scheme on randomly generated task systems, and simulation
results show that the schedulability of our proposed scheme
outperforms the state-of-the-art harmonic probabilistic real-
time scheduling algorithm in multiprocessor systems.

II. PROBABILISTIC REAL-TIME SYSTEM MODEL

The probabilistic real-time system considered in this paper
consists of n independent periodic probabilistic real-time
tasks, identified by I' = {r1,...,7, }, and scheduled on a multi-
processor platform with m identical, unit-capacity processors,
denoted as II = {my,...,m }, based on Rate Monotonic (RM)
scheduling policy. We follow the task model in [7]: each task
7; € I is characterized by a tuple 7; = (C;, T;, D;, (;), where

e C; is a random variable and denotes the probabilistic
worst case execution time (pWCET) of task 7;

o T; is the period of task 7;;

e D); is the relative deadline of task 7;;

e (; is a non-negative real number and denotes the deadline
miss probability requirement of task ;.

We assume that all tasks are implicit-deadline tasks (i.e., D; =
T;), and they are initially released simultaneously.

The pWCET C; of each task 7; € I' has a known probability
function fe,(C) = P(C; = C), which gives the probability
that 7; has a WCET equal to C. We assume that all possible
values of C; belong to an interval [C", C™*], and thus C;
can be writterll as follows: , .

min max

Ci = ( Cl P gfn CZ 2 OZ P ggx ) . (1)
where k is the number of possible WCET values and
2?21 fe,(C)) = 1. If C is a possible WCET value of task
7;, we denote it as C € C;.

To describe the probabilistic workload of a task 7;, we can
calculate its probabilistic worst case utilization {; based on
its pWCET and period, i.e.,

cl c2? ck
ful(Uzl) fuz(UzQ) fUz(Uzk)

where fy,(U}) = fe,(C7) for each C € C;. Note that U;
can be specified by its cumulative distribution function (CDF)
Fy, () = 30 fu,(2).

Based on the probabilistic worst case utilization U; of each
task 7; € I, the probabilistic cumulative worst case utilization
of task set I' is defined as follows:

UF = ®ui~ (3)

el
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where ® denotes the convolution of two random variables, for
Z=XQY, P{Z=2}=1="% P{X = k}P{Y = z—k}.
Probabilistic schedulability: A probabilistic real-time task set
T" is considered schedulable under a scheduling policy if the
deadline miss probability DMP; of each task 7, € ' is not
larger than its deadline miss probability requirement (;.

In this paper, we assume that all tasks in the task set have
the same deadline miss probability requirement, denoted by ¢
(i.e., ¢; = (¢ for each task 7; € I'). Therefore, if the deadline
miss probability DMPr = max,,cr{DMP;} for task set T is
not larger than (, the task set I' is considered schedulable.
Problem: The main objective of this work is to design an
efficient task partitioning strategy to partition a given set
of periodic, independent, probabilistic real-time tasks with
pWCETs and relative deadlines equal to periods, such that the
set of tasks allocated to each processor is schedulable. In this
paper, we discuss the limitations of the existing harmonicity
aware task partitioning strategy. We also present a feasible
harmonic partitioning strategy with workload awareness.

III. HARMONIC PARTITIONED PROBABILISTIC REAL-TIME
SCHEDULING WITH WORKLOAD-AWARE STRATEGY

A. Motivating the Workload-Aware Strategy

Before introducing our proposed harmonic partitioning al-
gorithm with workload awareness, we first give an example
to discuss the limitations of the existing harmonicity aware
multiprocessor scheduling and motivate the workload-aware
strategy used in this paper. In [14], [15], a harmonicity
aware task partitioning strategy is presented for fixed priority
scheduling of probabilistic real-time tasks on multiprocessor
platforms (called HAP for short). HAP assigns tasks group by
group to allocate as many tasks with closer harmonic relation-
ship to a reference task as possible to the same processor. The
basic idea of HAP can be briefly described as below:

« Among all unassigned tasks, a reference task is selected
from the first task till the last task.

o For each reference task, all other tasks are sorted accord-
ing to the harmonic index values, and selected from high
value to low to form a candidate task subset until the
probabilistic schedulability test fails.

o A suitable subset is selected from all candidate subsets
based on the mean utilization or a utilization threshold.

o The tasks in the chosen subset are allocated to an empty
processor.

The above process is repeated until all tasks are assigned.
It has been demonstrated that HAP can improve the schedu-
lability of probabilistic real-time tasks compared to deter-
ministic approaches and traditional bin-packing approaches.
Nevertheless, this harmonic-aware strategy fails to improve
the schedulability of some task sets. The reason for this is
as follows. The advantage of HAP is its capability to group
harmonic tasks on the same processor. However, it neglects
the fragmentation effect on the system schedulability, which
leads to poor performance for some task systems, especially
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TABLE I: An example task set: task parameters

Task CZ Ti Di Cz
5 6
1 0.9 0.1 9 9 0.1
2 3
T2 0.9 0.1 8 8 0.1
3 4
T3 0.9 0.1 8 8 0.1
25 3
T4 0.9 0.1 11 11 0.1
2 3
T5 0.9 0.1 10 10 0.1
lﬁ cl C} or C}
T3 . L L L L
o 1 2 3 4 5 6 7 8 9 10 11

Ts5 _C51 I I I I T Ly
0 4 5 6 7 9 10 11
A Scheduling window
T4 i I | i | Ci
0
}

1 2 3 4 5) 6 7 8 9 10 11
>

N|
RSP} = 7.5 with the probability 0.9 x 0.9 x 0.9 = 0.729
Scheduling window

&
9 10 11

T4 I I i |

!
o 1 2 3 4 5 6 7
[

X oo

RSP} = 8 with the probability 0.9 x 0.9 x 0.1 = 0.081
Fig. 1: Simulation of a SAS for {73, 74,75}

the ones containing heavy tasks. In the following, we illustrate
the fragmentation problem with an example.

Example 1. Consider a task set I' = {71,72,73,74,75}
depicted in Table I to be scheduled on two processors Il =
{71, 72} under RM policy. By HAP, all tasks are divided into
three groups {71, 75}, {72, 73},{74} one by one. This implies
that three processors are required for HAP to schedule this
task set. Due to the fragmentation problem, the partitioning of
I" fails with HAP for two processors. If we use First-Fit (FF)
strategy to partition this task set, 71 and 7o will be allocated
to processor w1, after which 73, 74 and 75 are allocated. The
minimum utilization sum of 7 and 7 is 5/9 4+ 2/8 > 0.8.
For 73, 74 and 75, their minimum utilizations are not less than
0.2. Hence, no task in {73,74,75} can be allocated to processor
1. Now, we consider that 75, 74 and 75 are allocated to .
As a simulation of a synchronous arrival sequence (SAS) for
{73,74,75} in time interval [0, 11] in Fig. 1, the response
7.5 8 Df
0.729 0.081 0.19
Dy denotes the response time values larger than deadline
D,. Note that only the deadline meeting scenarios for 74 are
given in the simulation of SAS. We can find that the deadline
miss probability of 74 is 0.19 > (4, so it is also infeasible to
assign 73, 74 and 75 to m2. Hence, tasks in this task set are
failed to be allocated two processors with FF packing strategy.
However, there exists a feasible allocation for this task set.
From the simulation of SAS for {71, 74} and {72, 73,75} in
Figs. 2 and 3, we can see that the response time distribution
7.5 8 8.5 9
0.81 0.09 0.09 0.01
7 8 DgL
0.729 0.243 0.028
is feasible to allocate 7; and 74 to 71, and to assign 7o, 73
and 75 to 2. In this paper, we will give a feasible harmonic

time distribution of 74 is , where

of 74 1s , and the response time

distribution of 75 is . Therefore, it

Design, Automation And Test in Europe (DATE 2018)

O or 2
T o | | i
o 1 2 3 4 5 6 7 8 9 10 11
N Scheduling window
T4 [ I L L L (e
o 1 2 3 4 5 6 7 8 9 10 11
1 >
' RSP} = 7.5 with the probability 0.9 X 0.9 = 0.81
N Scheduling window
T4 [ I L L L ci
o 1 2 3 4 5 6 7 8 9 10 11
I -]
’ RSP? =8 with the pl’obabili!gz(l,ﬂ x 0.1 :'0,09 Clor C2
Tl 1
o 1 2 3 4 5 6 7 8 9 10 11
. Scheduling window
T4 T | | ! . | (¢}
o 1 2 3 4 5 6 7 8 9 10 11
1- |l
T 1
RSP} = 8.5 with the probability 0.1 x 0.9 = 0.09
R Scheduling window
| | | | . I Cc3
o 1 2 3 4 5 6 7 8 9 10 11
I
T

RSP} =9 with the probability 0.1 x 0.1 = 0.01

Fig. 2: Simulation of a SAS for {71, 74}.
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Fig. 3: Simulation of a SAS for {72, 73, 75}.

partitioning strategy with workload awareness for I', which
can take advantage of harmonic relationship exploration while
tackling the fragmentation problem (see Example 4).

B. Workload Awareness

It has been shown that the fragmentation problem can be
alleviated by ordering tasks first based on certain criteria
to achieve workload awareness, and then processing them
in that order. In this paper, we consider the Decreasing
Utilization (DU) for ordering tasks prior to the application
of our partitioning heuristics. Since a probabilistic real-time
task is associated with multiple utilization values, we consider
the following two options to sort tasks by identifying a single
utilization value for each task to characterize its workload.

o Decreasing Expected Utilization (DEU): All tasks in
task set I' are sorted in the decreasing order of their
expected utilizations. Given a task 7; € T, its expected
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TABLE II: Expected utilization and nominal utilization of task

Task Ui EH A
() e
n | (BT e o
w | (B0E) e o
y 5(@2 3(4111 51220 5/22
s (0503) om w

utilization Uf is calculated as the ratio between its ex-
pected WCET Cf and its period T3, i.e.,

e = O _ Xina Ol x fe(C)) A

=T = T . 4)

o Decreasing Nominal Utilization (DNU): All tasks in

task set I' are ordered in the decreasing order of their

nominal utilizations. Given a task 7; € I', its nominal

utilization U} is calculated as the ratio between its nom-

inal WCET C7 and its period T3, i.e.,

~omin - {C])
un — CZ!‘ _ CleC; Fe, (C)>1-¢; )
LT T;
Example 2. Consider the task set I' = {71, 72,73,74,75}

depicted in Table I. As shown in Table II, we can get the
expected utilization and the nominal utilization for each task
in I" based on its pWCET, period and deadline miss probability
requirement.

C. Harmonic Index of Task Set

Before quantifying the harmonic property of the probabilis-
tic real-time task set, we first give some related definitions
based on the counter for deterministic real-time systems [17].

Definition IIL.1. Given a probabilistic real-time task set
U = {n, 72, ..., Tn} where 7, = (C;,Ti, D;,¢;), let TV =
{1,759, ., 7} where 7/ = (Ci, T}, Dy, G;), T} < T}, and T} is
an integer multiple of T} for tasks 7/ and 7} in I if T} > T}.
Then T is called a sub-harmonic task set of T

Definition IIL2. Let I be a sub-harmonic task set of I'. Then
T is called a primary harmonic task set of I if there exists
no other sub-harmonic task set " such that T < T} for
every task T; € 1.

All primary harmonic task sets can be obtained for a task set
by the harmonic period transformation using DCT (Distance-
Constrained Tasks) algorithm in [18]. Now, we define the
harmonic index for a probabilistic real-time task set by quan-
tifying the “distance” of this task set to the corresponding
harmonic task sets in terms of the cumulative distribution of
its total utilization.

Definition IIL.3. Given a probabilistic real-time task set T,
let QU(T) represent all primary harmonic task sets of T. Then
the harmonic index of T', denoted as H(T'), is defined as

- mi /
H(T) = 1wrenér(lr) AUT).

(6)
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TABLE III: Task parameters of primary harmonic task sets

Task | T/ [Z4 T ul’
0.25 0.375 04 0.6
™ |8 ( 09 0.1 > 5 0.9 0.1
0.375 0.5 0.6 0.8
™| 8 ( 0.9 0.1) 5 0.9 0.1
0.25 0.375 02 0.3
™ |8 ( 09 0.1 ) 10 {0901

where AUT") = || Fyp(u) — Fy,, ()|, which is used to
quantify the “distance” of a task set I' to its harmonic task
set T in terms of the probabilistic cumulative worst case
utilization based on {*> — norm operation. u represents a
sequence of all possible utilization values of Ur and Ur.

Note that, Ur and U, may have different possible uti-
lizations, and thus Fy;.(u) and Fy,(u) are obtained by
enumerating all possible utilizations of I" and T".

Example 3. Consider a task set I'syp = {72, 73,75} that is a
subset of task set I' depicted in Table I. As shown in Table
IT1, it gives task parameters of primary harmonic task sets I',
and I'”  for sy, where T/, U/, T!" and U]’ are parameters of
corresponding tasks in I', , and T',,. We can get AU(T', ) =
0.2446, and AU(T'L,) = 0.6596. Therefore, the harmonic
index of T'syp is min{AU(T,,), AUTZ )} = 0.2446.

sub

D. Partitioning Algorithm

In this section, we present a partitioning algorithm for
assigning a set of probabilistic real-time tasks I" to m identical,
unit-capacity processors II. Our algorithm aims to find a
feasible processor for each task, while exploring harmonic
relationship by minimizing the increase of harmonic index
caused by a task assignment, such that a task can be executed
along with harmonic tasks.

Algorithm 1 HWAP partitioning algorithm.

1: T(m;) <= 0, forall j =1,...,m.

2: Sort all tasks in I' in decreasing order of expected utilization (i.e., DEU)
or nominal utilization (i.e., DNU) and then in increasing order of period.

3: while " # () do

4: Thirst <— The first task in T’

50 DD\ {r}

6: Tselected <— NIL

7: Amin <— o0

8 for each processor 7; € II do

9: if I'(m;) = 0 then

10: if Teelected = NIL then

11: Tselected <~ Tj

12: break

13: else

14: if DMPF("'j)U{Tfirst} S C then
15: A H{D(m) U {ri }) — H(O ()
16: if A < Apin then

17: Amin < A

18: Trselected < 75

19:  if Teelecteq 7 NIL then

20: 1—‘(7'l'se|ected) <~ I‘(Trselected) U {Tfirst}
21: else

22: return FAILURE

23: return SUCCESS

Algorithm 1 is our partitioning algorithm, written in pseu-
docode. In this algorithm, the set of tasks allocated to the
processor 7; is identified by I'(w;). The algorithm starts by
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initializing I'(7;) to null (Line 1) and by sorting all tasks
according to certain criteria (Line 2). The algorithm then tries
to select a suitable processor for each task in the task set (Lines
4-18). The first task 7,5 in I' is selected (Line 4), and it is
removed from the task set (Line 5). Here, variables 7sejected and
Anmin are used to record the selected processor for task 7,5t and
the minimum harmonic index increase due to the deployment
of task 7frt. The iterative processor test is performed until
an empty processor (Lines 9-12). If no feasible processor
is available for task 7t (i.€., 7Tselected = NIL) and there
is no task deployed on the current processor 7; under test
(i.e., I'(m;) = 0), this processor is selected as the host of
task 7rst (Lines 10-11). At each processor test, the algorithm
selects a feasible processor for task 7yt such that the harmonic
index increase caused by the task deployment is minimal
(Line 14-18). For the feasible checking, the schedulability
analysis can be performed based on the worst case response
time distribution computation approach proposed in [8]. If a
feasible processor Tselected 1S Obtained, task Tyt 1S assigned to
Tselected (Lines 19-20). Otherwise, the algorithm aborts with
a failure (Line 22). If every task is successfully allocated to a
processor, the algorithm reports success (Line 23).

Consider any processor m; € II, and the task set I'(m;)
assigned to ;. According to lines 10 and 14 in Algorithm 1,
the deadline miss probability of I'(7;) is not larger than the
requirement, and thus I'(7;) is schedulable on processor ;.
Therefore, the resulting task allocation obtained by Algorithm
1 always ensures that the tasks on each processor can be
successfully scheduled.

Note that, different from the existing harmonicity aware
solution HAP that tries to assign tasks group by group based on
the harmonic relationship to reference tasks, HWAP allocates
tasks one by one that are sorted with respect to their workload,
and it explores harmonic relationship by minimizing the har-
monic index increase caused by each task assignment. Hence,
HWAP can take the advantage of both harmonic relationship
exploration and task ordering with respect to the workload to
improve the system usage. For the computational complexity,
O(mn) feasibility tests are required by HWAP, while O(n?)
for HAP. For each feasibility test, HAP and HWAP use the
same schedulability analysis approach. Therefore, the com-
plexity of HWAP is far less than HAP with respect to the
increase of the task number n.

Example 4. Consider the task set I' = {71, 72,73,74,75}
depicted in Table I again, we show that it is feasible to allocate
this task set to two processors II = {m,m} by HWAP.
Suppose all tasks are sorted based on DEU, then the order
of tasks is 7y, 73, T, T4 and 75. Task 7 will be allocated to
processor 71, and task 73 will be allocated to processor 7
since it is unschedulable for {71, 73} on the same processor.
Then, task 7o will be allocated to processor m although it is
schedulable for {71, 72} on processor ;. This is because it
is more harmonic for 75 to be scheduled along with 73. After
that, since it is not feasible for 74 to be scheduled along with
T2 and 73 on processor ma, 74 Will be allocated to processor
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1. At last, 75 will be allocated to processor 2. Until now,
71 and 74 are allocated to processor 71, and T2, 73 and Ty
are allocated to processor m2. According to the analysis given
in Example 1, this is a feasible partition. Note that the FF
strategy with DEU or DNU still cannot partition task set I’
for two processors, because it does not take the task period
relationship in consideration. The analysis for the FF strategy
with DEU or DNU is omitted here, since it is similar with the
analysis for the pure FF strategy given in Example 1.

IV. EXPERIMENTAL EVALUATION

In this section, we experimentally compare the performance
of our scheme, HWAP, with the existing harmonic partitioned
scheduling algorithm HAP (which is based on the utilization
sum based harmonic index) from [14], [15]. We have two main
goals for our evaluation: (1) to compare the performance of
HWAP in terms of the schedulability and the required number
of processors to that of HAP; (2) to evaluate the computational
complexity of HWAP.

For our experiments, we used randomly generated task sets,
which we created using the UUniFast approach from [19].
All tasks are implicit-deadline probabilistic real-time tasks,
and they have the same deadline miss probability requirement,
which is set to 0.1. For each task set, the task number is 12,
the value number of pWCETs is 8. The possible WCETs of a
task are integers drawn at random from the interval [1, 100],
and their probability are also randomly generated such that
the sum of all probability is equal to one. Then, the period of
each task 7; in the task set is calculated as [C§/U¢]| based on
its expected WCET C§ and expected utilization U; generated
by the UUniFast approach. We define the normalized expected
utilization U (') of a task set I to be:

e
Unor(r) - w (7)
m

where U¢(I") is the expected cumulative utilization of I, and m
is the number of processors. Using the above parameters, we
generated the tasks one at a time until the following condition
on system utilization was satisfied: U}, —0.005 < U (T') <
Uz, + 0.005, where U}, € {0.5, 0.55, 0.6, 0.65, 0.7, 0.75,
0.8, 0.85, 0.9, 0.95, 0.975} and m = 4. For each U, we
generated 100 task sets.
Probabilistic schedulability. Fig. 4 shows the fraction of
schedulable task sets versus the normalized expected uti-
lization of different algorithms. We can find that HWAP
consistently outperforms the existing harmonic partitioning
algorithm HAP, and as much as an extra 10% of task sets
can be scheduled by HWAP. This is because, with HWAP, the
system schedulability is improved not only through harmonic
relationship exploration, but also via workload awareness. The
fragmentation problem can be effectively alleviated by the task
ordering with respect to the workload. The performance gap
tends to widen as the expected utilization increases; the reason
is that, as the expected utilization rises, heavy tasks are more
likely to be included in a task set, and thus there are more
opportunities for HWAP to improve the system schedulability
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by alleviating the fragmentation problem. We can also see that
HWAP-DEU has a better performance than HWAP-DNU in
most cases. DEU can capture the probabilistic characteristics
of a task accurately, whereas the strength of DNU is the
capability of taking the probabilistic timing requirement into
account to quantify the task workload. For this reason, HWAP-
DEU does not always outperform HWAP-DNU.

Number of processors. Fig. 5 illustrates the number of
processors to schedule all tasks in a task set versus the normal-
ized expected utilization. Not surprisingly, HWAP outperforms
HAP in most test cases; the reason is, again, HWAP enhances
the performance by harmonic relationship exploration and
workload awareness. Additionally, from the standard deviation
values given by the error bar, we can see that the performance
of HWAP is more stable than HAP in most test cases owing
to the preprocessing of sorting all tasks.

Computation complexity. Fig. 6 shows the time needed per
task set to assign all tasks; we report the average across all task
sets. We can find that HWAP also consistently outperforms
HAP. Note that a base 10 logarithmic scale is used for y-axis
in Fig. 6. The computation of HWAP-DEU and HWAP-DNU
can be completed in tens of seconds, which is significantly less
than the solution time of HAP. The main reason for this is that
HWAP requires fewer feasibility tests than HAP. Furthermore,
HWAP sorts all tasks in decreasing order of workload before
the task allocation, and thus for a task being assigned, its
feasibility test tends to be performed along with fewer tasks
on a processor. Therefore, the solution time of the feasibility
test is reduced for HWAP. We also can see that the solution
time is decreasing with respect to utilization. This is because
the task number is constant in our setting, fewer tasks can be
deployed on a processor for task sets with higher utilizations,
and hence the cost on the feasibility test is reduced.

V. CONCLUSIONS

We have proposed HWAP, a harmonic partitioned schedul-
ing technique for multiprocessor probabilistic real-time sys-
tems that is based on the harmonic relationship exploration
and the decreasing workload task ordering. HWAP works by
associating a probabilistic real-time task set with a harmonic
index to quantify its harmonic property. In order to alleviate
the fragmentation problem, all tasks are sorted with respect
to their workload first. Then the sorted tasks are assigned to
processors one by one to explore the harmonic relationship
by minimizing the harmonic index increase caused by each
task deployment. This strategy not only provides harmonic
relationship exploration to improve the system schedulability,
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Fig. 4: Fraction of schedulable task sets. Fig. 5: Number of processors per task set. Fig. 6: Average solution time per task set.
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it also enables workload awareness to alleviate the fragmenta-
tion problem. Our evaluation shows that HWAP outperforms
the existing harmonic partitioning algorithm for probabilistic
real-time systems in terms of system schedulability with lower
computational cost.
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