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Abstract—Starting from a set of starting points, the multiple-
starting-point optimization searches the local optimums by
gradient-guided local search. The global optimum is selected
from these local optimums. The region-hit property of the
multiple-starting-point optimization makes the multiple-starting-
point approach more likely to reach the global optimum.
However, for non-smooth objective functions, e.g., worst-case
optimization, the traditional gradient based local search methods
may stuck at non-smooth points, even if the objective function
is smooth “almost everywhere”. In this paper, we propose a
subgradient based multiple-starting-point algorithm for non-
smooth optimization of analog circuits. Subgradients instead of
traditional gradients are used to guide the local search of the non-
smooth optimization. The Shor’s R algorithm is used to accelerate
the subgradient based local search. A two-stage optimization
strategy is proposed to deal with the constraints in analog
circuit optimization. Our experiments on 2 circuits show that
the proposed method is very efficient for worst-case optimization.
The proposed approach can achieve much better solutions with
less simulations, compared with the traditional gradient based
method, smoothing approximation method, smooth relaxation
method and differential evolution algorithms.

Index Terms—Worst-case optimization; Shor’s R algorithm;
Multiple-starting-point

I. INTRODUCTION

Due to the continuous scaling of the IC technology and
the growing demand for higher performance and lower power,
manual analog circuit design is hard to meet the performance
and power requirements with limited time to market. Au-
tomated analog circuit design has attracted great interest in
recent years, as it improves circuit performance while reduces
the design time. Recently, the optimal device sizing attracts
many research interests because it can be well formulated as
constrained nonlinear optimization problems and thus possi-
bly be efficiently solved by the well-developed optimization
algorithms.

Most analog circuit optimization algorithms fall into two
categories: model based and simulation based methods. For
model based methods, analytical expressions of the circuits
performances are required. The expressions can be obtained
by manual analysis or fitting [1]. A well-known model
based algorithm is Geometric Programming(GP) [2], where
the circuit performances are expressed as posynomials [3].
The posynomial approximation guarantees the optimization
problem is convex and the global optimum can be found.
Recent advances show that global optimums can be found
even for general polynomial optimization problems. The idea
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is to transform the general polynomial optimization problem
to convex programming by Semidefinite-Programming (SDP)
relaxations [4]. The advantage of model based algorithms
is that given the circuit performance models, the optimal
solutions can be found very efficiently even for large-scale
problems. But what limits their usage is the generation of
accurate performance models. Even with a large number of
simulations, the accuracy of the generated performance models
still cannot be guaranteed for the whole design space.

The simulation based analog circuit optimization methods
require no explicit analytical performance models. SPICE
simulations are used to guide the optimization directly. Simu-
lated Annealing (SA) [5], Genetic Algorithms (GA) [6], par-
ticle swarm optimization (PSO) [7] and differential evolution
(DE) [8] are best-known simulation based approaches. The
stochastic characteristics of these algorithms help them to
better explore the solution space and avoid falling into the
local optimum. Although the above mentioned algorithms can
efficiently explore the design space, they suffer from relatively
low convergence rate. Note that design specifications like gain,
bandwidth, phase margin are smooth and differentiable over
the whole design space. As a result, gradients can be used
to efficiently guide the local search. It has been reported in
[9]-[10] that gradient based local search with multiple starting
points (MSP) is very efficient for these smooth performances.
If one starting point is located in a valley, it converges rapidly
to the local optimum by the local search. The region-hit
property of the multiple-starting-point optimization makes the
multiple-starting-point optimization approach more likely to
reach the global optimum.

In order to improve the robustness of the design under PVT
variations, the optimization problem can be reformulated by
optimizing the worst performance over several PVT corners.
Compared with Monte-Carlo based yield optimization, the
worst-case optimization tends to be more pessimistic. How-
ever, the worst-case optimization is widely used by designers
and accepted by industry. It turns to be a de facto design
methodology in industry [10]-[11].

Another example of non-smooth objective function is the
rail-to-rail amplifier. The amplifier should satisfy all speci-
fications with input common mode voltage varying from 0
to Vdd [12], which means that the transconductance gm of
input stage should keep constant across whole common mode
input voltage range. Such an objective can be formulated as
optimizing the worst performance with several representative
input voltages, e.g., 0, 0.25Vdd, 0.5Vdd, 0.75Vdd, and Vdd.
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The worst-case optimization poses new challenges to
gradient-based local search and MSP algorithms. For worst-
case optimization which is expressed as the maximum, mini-
mum and absolute value of the smooth performance functions,
the objective functions and constrained functions are thus
smooth “almost everywhere” but can be non-smooth at some
zero-measured subsets of design space.

For the aforementioned cases, the traditional gradient-based
methods may stuck at non-smooth points, even if the objective
function is smooth “almost everywhere”. But we should note
that the gradients are still very useful to guide the search and
the gradients are available “almost everywhere”. The tradi-
tional methods for non-smooth optimization try to smooth the
non-smooth functions by approximations such as log-sum-exp
approximation [13]. However, these smooth approximations
would deviate the real non-smooth objective functions and thus
degrade the optimization quality. Smooth relaxation transforms
the non-smooth optimization problem to smooth optimization
problem by introducing new constraints, however, the smooth
relaxation approach introduces extra constraints. The objective
function and the constraints are tightly coupled in the relaxed
formulation, which degrades the convergence rate.

In this paper, we propose a subgradient based multiple-
starting-point algorithm for non-smooth optimization of analog
circuits. Subgradient instead of traditional gradient is used to
guide the local search of the non-smooth optimization. The
Shor’s R algorithm is used to accelerate the subgradient based
local search. A two-stage optimization strategy is proposed to
deal with the constraints in automated analog circuit design.
In the first stage, we move the solution to the feasible regions.
In the second stage, the objective function is minimized while
keeping the constraints been satisfied. Our experiments on 2
circuits show that the proposed method is very efficient for
worst-case optimization. The proposed approach can achieve
much better solutions with less simulations, compared with the
traditional gradient based method, smoothing approximation
method, smooth relaxation method and differential evolution
algorithms.

The rest of paper is organized as follows. In Section
II, the background of non-smooth optimization is discussed.
The proposed method is presented in Section III. Numerical
experiments on are reported in section IV. We conclude the
paper in Section V.

II. BACKGROUND

In this section, we will present the formulation of the worst-
case optimization problem firstly. Then, we will review the
multiple-starting-point algorithm. Finally, we will review the
traditional gradient based local search and its limitations to
deal with non-smooth optimization.

A. Problem Formulation

A typical analog circuit optimization problem can be for-
mulated as the following constrained optimization problem.

minimize f(x)

s.t. ci(x) < 0

∀i ∈ 1 . . . N.

(1)

In (1), x is the vector formed by circuit design parameters,
f(x) is the objective function to be minimized, which corre-
sponds to the FOM (Figure of Merits) of the circuit. c1, c2,

. . ., cN are N constraints which should be met during the
optimization. Typically, the objective function f(x) and the
constraints c1, c2, . . ., cN are smooth.

If multiple scenarios are considered, we aim to minimize
the worst-case FOM while the constraints are still satisfied.
For M scenarios, (1) can be reformulated as

minimize max(f1(x), . . . , fM (x))

s.t. ci,j(x) < 0

∀i ∈ 1 . . . N

∀j ∈ 1 . . .M.

(2)

Compared to (1), the objective function in (2) became non-
smooth. The number of constraints increase to M × N . The
number of constraints grows linearly with number of scenarios.
For analog circuit optimization problem, most constrains are
mapped from design specifications, which would be tight
and difficult to satisfy during the optimization. The M × N
constraints can also be rewritten as a single non-smooth
constraints g(x) < 0 as follows.

minimize F (x)

s.t. g(x) < 0,
(3)

where g(x) = max(c1(x), . . . , cM×N (x)), and F (x) =
max(f1(x), . . . , fM (x)).

The minimax formulation in (3) makes the objective func-
tion less correlated with constraints, as in most design space,
only one FOM and one design specifications dominate the
whole objective function and constraint function. A discussion
of the advantages of minimax formulation can be seen in [14].

B. Multiple-Starting-Point Algorithm

Multiple-Starting-Point (MSP) algorithm is an efficient al-
gorithm for general constraint optimization problem. Starting
from a set of starting points, the multiple-starting-point op-
timization searches the local optimums by gradient guided
local search. The global optimum is selected from these local
optimums.

These starting points are generated uniformly or using
quasi-random methods. If one starting point is located in a
valley, by using the gradient-guided search, e.g., Sequential
Quadratic Programming (SQP) [15], it converges quickly to
the corresponding local optimum, which means that this start-
ing point covers this valley. With sufficient number of starting
points, they will cover all the valleys. The multiple-starting-
point algorithm thus has high probability to find the global
optimum. The region-hit property of the multiple-starting-
point makes it very efficient for global optimization.

However, gradients are required to guide the optimization
for multiple-starting-point algorithm. For the non-smooth opti-
mization problem in (3), there exist non-smooth points, where
the gradients are unavailable. But we should note that the
gradients are still very useful to guide the search and the
gradients are available “almost everywhere”.

C. Traditional Gradient Based Methods for Non-Smooth Op-
timization

If a function is non-smooth only at several zero-measured
sets, it is natural to apply the normal gradient-based search-
ing methods directly. Since the gradients are obtained by
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numerical difference in optimization, the gradients can still
be obtained even in the non-smooth points. However, from
our experiments, with such a strategy, the optimization may
stuck at non-smooth points. We use a simple example in (4)
to demonstrate it.

f(x, y) = 3|x+ y|+ |x− y|. (4)

Equation (4) is a convex function, which looks like an
inverted pyramid. It is smooth in all its domain except the
set M = {x | |x1| = |x2|}. We use multiple-starting-point
algorithm with BFGS method for local search to optimize the
function. 100 starting points were randomly generated. The
function contour, all the starting points and all the finally
converged points are shown in Fig 1.
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Fig. 1. Multiple-starting-point algorithm with BFGS method for local search
on 3|x+ y|+ |x− y|.

As shown in Fig 1, most starting points stuck at line y =
−x and do not converge to the local minimum. Actually, the
function minimum is f(0, 0) = 0, while only about less 30%
of the optimized results are less than 1.

Several attempts to improve the gradient-based methods for
non-smooth optimization have been made. For example, a
special line search method was introduced in [16] to avoid
visiting the points where the objective functions are non-
smooth. It has been proven that the BFGS method could still
converge for 1-D functions in [16]. An alternative approach
to deal with the non-smooth functions is to approximate
the non-smooth functions by smooth function. For exam-
ple, the log-sum-exp approximation [13] has been widely
used in the placement of VLSI, which approximate the max
function max(x1, x2, . . . , xD) by log-sum-exp approximations

1
α log(

D∑
i=1

eαxi). However, we need to manually select the pa-

rameter α to control the smoothness of approximated function,
and the calculation of exponential function may cause numer-
ical instability. More importantly, the smooth approximation
would deviate the real non-smooth objective functions and thus
degrade the optimization quality.

Smooth relaxation is another option for minimax optimiza-
tion. We can convert the non-smooth optimization problem
into a constrained smooth optimization problem. For example,

if we want to minimize F (x) = max(f1(x), . . . , fN (x)), we
can convert it to the following equivalent formulation.

minimize λ

s.t. fi(x) < λ

∀i ∈ 1, . . . , N.

(5)

III. SUBGRADIENT BASED MULTIPLE-STARTING-POINT

ALGORITHM FOR NON-SMOOTH OPTIMIZATION

In this section, the subgradient based multiple-starting-
point algorithm for non-smooth optimization of analog circuits
will be presented. We follows the basic idea of multiple-
starting-point algorithm but propose to use a subgradient based
Shor’s R Algorithm for local search. A two-stage optimization
strategy is proposed to deal with the constraints during the
optimization.

A. Subgradient and Shor’s R Algorithm

A subgradient [17] of a function h(x) at point x, is define
as any vector g that satisfies

h(z) ≤ h(x) + gT (z − x) ∀z ∈ domh, (6)

where domh denotes the definition domain of function h.
The subdifferential ∂h of the function at point x is defined

as the convex hull formed by all its subgradients. For example,
for function h(x) = |x|, for all x < 0, ∂h(x) = {−1}; for all
x > 0, ∂h(x) = {1}; at point x = 0, ∂h(0) is in the interval
[−1, 1]. Any value in that interval is a subgradient.

Subgradient has the following properties. Firstly, if a func-
tion h(x) is smooth at point x, then its only subgradient in
∂h(x) is its gradient. Secondly, a function h is differentiable
at point x if and only if its gradient is its only subgradient.
Thirdly, a point x is a minimum of f if and only if 0 ∈ ∂h(x).

For the max function in our worst-case optimization (3),
the subgradient can be obtained as follows. Consider the
objective function F (x) = max(f1(x), . . . , fM (x)) in (3).
If F (x) = fi(x), which means fi(x) is the only maximum
among f1(x), . . . , fM (x), the subgradient of F (x) equals
to the gradient of fi(x). If F (x) = fi1(x) = fi2(x) =
· · · = fis(x), which means fi1(x), fi2(x), · · · , fis(x) are
s maximums among f1(x), . . . , fM (x), the convex hull
formed by those gradients is the subdifferential of F (x). Any
vector inside the convex hull can be selected as the subgradient
for F (x).

Subgradient based method [18] can be used to optimize the
non-smooth functions. It is similar to the gradient descending
method but differs in the following two aspects. It uses sub-
gradients instead of gradients to guide the search. It can thus
be applied to non-smooth functions. As the search direction is
not always a descending direction and the traditional amoji-
wolfe line search condition [19] is not well defined for the
non-smooth cases. It usually uses a pre-defined step length
sequence instead of incorporating line search method. Basic
subgradient based method for minimizing f(x) is described
in Algorithm 1.

The step length αk in Algorithm 1 is a predefined sequence.
It had been proven that subgradient method would converge to
the minimum as long as diminishing [18] condition is satisfied,
i.e., the step length converges to 0 as the iteration steps. The
frequently used sequence of ak are ak = 1

k and ak = 1√
k

[18].
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Algorithm 1 Basic Subgradient Method for Non-Smooth
Optimization

Input: x1 as the starting points
1: k ← 1
2: while not terminated do
3: calculate subgradient gk ∈ ∂f(xk)
4: xk+1 ← xk − αkgk
5: k ← k + 1
6: end while
7: return best f(x) recorded during iterations

Although subgradient method [17] has a theoretical guar-
antee to converge, the convergence rate would be relatively
slow in some cases. In [20], a space dilation method called
Shor’s R was proposed to improve the efficiency of the
original subgradient method. At each iteration, it calculates
the difference between a subgradient at the current point and
that calculated at the previous step. The direction obtained
is used to perform dilation of the space with a priori given
coefficient.

Algorithm 2 Shor’s R Algorithm

Input: x0 ∈ Rn, β ∈ (0, 1)
1: B ← I
2: calculate subgradient g ∈ ∂f(x0)
3: g̃ ← BTg
4: calculate α from line search
5: x ← x0 − αBg̃
6: while not terminated do
7: calculate subgradient g ∈ ∂f(x)
8: g∗ ← BTg
9: r ← g∗ − g̃

10: if |r| = 0 or |g̃| ≤ 10−15|g| then
11: B ← I {Reset B for ill-conditioned problem}
12: else
13: s ← r

|r|
14: B ← B(I + (β − 1)ssT )
15: end if
16: g̃ ← BT g̃
17: calculate α from line search
18: x ← x− αBg̃
19: end while
20: return best f(x) recorded during iterations

The implementation would significantly affect the efficiency
the algorithm. An efficient implementation of Shor’s R algo-
rithm is presented in [21], which is described in Algorithm
2. In Algorithm 2, line 9 calculates the difference between
the subgradient at the current point and that calculated at the
previous step. Line 13-14 calculate the space dilation matrix.
Line 16-18 calculate the update of x with the space dilation
matrix and line search.

The implementation of Shor’s R algorithm in [21] improves
the original Shor’s R algorithm in the following aspects, i.e.,
the initial step choice, the reinitialization strategy and the
line search method. In Algorithm 2, once a starting point is
sampled and its subgradinet g0 is calculated, the initial trial
step for the initial line search in line 4 of Algorithm 2 used

by [21] is expressed as

h0 =
1

log2(|g0|+ 1)
. (7)

Another modification, as described in line 11 of algorithm
Algorithm 2, is that once the space transformation matrix B
became ill-conditioned, B is reinitialized to identity matrix.

Thirdly, instead of using pre-defined step length sequence,
[21] adopted a special line search approach. Once a search
direction is specified, it tries to find a point in that direction
such that the minimizer in that direction locates between the
current point and the next point, the details of the line search
strategy can be found in [21].

B. Two-Stage Subgradient Based Local Search for Non-
Smooth Optimization

The analog circuit optimization problem is formulated as a
constrained optimization problem as shown in (3). However,
Shor’s R algorithm does not consider the constraints. On the
other hand, these constraints are very important for analog
circuit optimization. They are remarkably tight to guarantee
the performances of the analog circuits. During optimization,
most of the time were spent on finding the first feasible
solution. We thus propose a two-stage optimization strategy
for the constrained non-smooth optimization problem in (3).
In the first stage, we move the solution to the feasible regions.
In the second stage, the objective function is minimized while
keeping the constraints satisfied.

Once a starting point is selected, constraint function c(x) in
(3) is tackled firstly. We use Shor’s R algorithm to minimize
c(x), the iteration stops once c(x) is minimized to a feasible
value or a local minimum of c(x) is found.

If c(x) converged to a infeasible local minimum, the local
search stops. If a feasible point is found, we turn to optimize
the objective function. In this stage, the constraints are used as
a logarithmic barrier function [22]. Assume the feasible point
we found after the first stage is xc and c(xc) = c0 < 0, the
following penalty function p(x) is constructed.

p(x) =

{ − log(− c(x)
|0.1c0| ) c(x) < 0

+∞ otherwise.
(8)

As shown in (8), if constraints are violated at point x, the
penalty would be ∞, which restricts the solutions inside the
feasible region.

The feasible point xc is used as the starting point of second
stage optimization. In the second stage, the new objective
function F (x) + p(x) is minimized. The two-stage Shor’s R
algorithm is described in Algorithm 3.

Algorithm 3 Two-Stage Shor’s R Optimization

1: while not terminated do
2: Find xc where c(xc) < 0.
3: if xc is found then
4: Minimize F (x) + p(x), xc is used as starting point.
5: end if
6: end while
7: return best F (x) recorded during iterations
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C. Stop criteria

As the local minimizer could locate in a non-smooth point,
and Shor’s R algorithm allows non-descending search direc-
tion, the following stop criteria are used in our local search
algorithm.

• For a smooth point, check whether the gradient is zero
or below a threshold εg .

• For non-smooth point, check whether zero is inside the
subdifferential.

• Change of x in one iteration is less than a tolerance Tolx.
• Objective function improvement in the last 15 iterations

is less than a tolerance Tolf .

If any of the aforementioned conditions is satisfied, the local
search stops.

IV. NUMERICAL EXPERIMENT

We tested our proposed subgradient based multiple-starting-
point algorithm on 2 circuits: a three-stage amplifier, a rail-
to-rail amplifier. For all the 2 test circuits, HSPICE 2012.06
is used as the circuit simulator. Our optimization method is
implemented in C++. The experiments are conducted on a
Linux workstation with 2 Intel Xeon CPUs and 128G memory.

We compared our proposed subgradient based multiple-
starting-point algorithm (RAlgo for short) with the following
algorithms.

1. Multiple-starting-point algorithm with gradient-based
SQP for local search, where the gradients are obtained
by numerical difference of the original non-smooth
functions (Nonsmooth for short).

2. Multiple-starting-point algorithm with gradient-based
SQP for local search, where the non-smooth functions
are approximated by log-sum-exp smoothing (Smooth
for short).

3. Multiple-starting-point algorithm with gradient-based
SQP for local search, where the non-smooth functions
are tackled by smooth relaxation (Relaxation for short).

4. Differential Evolution method (DE for short).

It should be noted that the implementation would signifi-
cantly affect the efficiency the algorithm.

A. Three-Stage Amplifier

The first example is a three-stage amplifier [23]-[24] as
shown in Fig 2. This circuit is implemented in standard
0.35μm CMOS process.

5 process corners are considered, each has its own specifica-
tion values, as listed in Table I. In this experiment, we select
the widths and lengths of transistors, resistance of resistors,
bias current, and compensation capacitors as design variables.
The number of design parameters is 24. The maximum Iq
of 5 corners is selected as the objective function, while
all other design specifications are considered as constraints.
We limit the number of simulations to 10000 for all the
algorithms. We run all the methods for 10 times to average
the random fluctuations. The comparison of all algorithms for
their averaged results is shown in Table II.

As shown in Table II, our algorithm RAlgo clearly achieved
the best optimization result with the least number of simula-
tions. Actually, 7 out of 10 runs of our algorithm finally get
less than 40μA maximal Iq over 5 corners, while none of other
algorithms reached 40μA even for once in their 10 runs.

Fig. 2. Three-stage amplifier.

TABLE I
DESIGN SPECIFICATIONS OF THE THREE-STAGE AMPLIFIER.

Corner TT FF SS SF SF Type
GBW(MHz) 0.92 1.08 0.78 1.04 0.82 Maximize
PM(Degree) 52.5 50.3 55.6 50.6 55.2 Maximize
GM(dB) 19.5 20.2 19.3 19.1 20.3 Maximize
SR+(V/us) 0.18 0.26 0.14 0.21 0.16 Maximize
SR-(V/us) 0.20 0.27 0.15 0.16 0.25 Maximize
Iq(μA) 69.2 78.6 63.2 78.0 63.7 Minimize

B. Rail-to-Rail Amplifier

A rail-to-rail amplifier with class AB output stage is used
as the second example. The circuit schematic is shown in Fig
3, The circuit is implemented by 0.35μm standard CMOS
process. The supply voltage Vdd equals to 3.3V .

Fig. 3. Rail-to-rail amplifier.

The design specifications are listed in Table III. We aim
to maximize the DC-Gain of the circuit, while the Unit Gain
Frequency (UGF), Phase Margin (PM) and Power constraints
should be satisfied.

In this experiment, we select the widths and lengths of tran-
sistors, the resistance of resistors, the capacitance of capacitors
and the bias current as design variables. The number of the
design variables is 34. To meet the rail-to-rail requirement,
the amplifier should satisfy all specs with input common mode
voltage varying from 0 to Vdd. 5 representative common mode
input voltages 0, 0.825V , 1.65V , 2.475V , 3.3V are selected.
We optimize the worst-case performance of the circuit under
these representative input voltage modes.

We compare the optimization results of each algorithm
with a limited number of simulations. The limit for our
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TABLE II
COMPARISON OF DIFFERENT ALGORITHMS ON THREE-STAGE AMPLIFIER.

RAlgo Nonsmooth Smooth Relaxation DE
Iq 38.31 44.91 47.27 50.18 48.51
Feasible 10/10 10/10 10/10 10/10 10/10
Spec Satisfied 10/10 10/10 10/10 10/10 10/10
# Simulations 5337 5801 5934 5796 7747

TABLE III
DESIGN SPECIFICATIONS OF THE RAIL-TO-RAIL AMPLIFIER.

Name Spec Type
DC-Gain >70 dB Maximize
UGF >200 MHz Constraints
PM >60◦ Constraints
Power < 6.6mW Constraints

algorithm (RAlgo) is set to 25000, while the limits for all
other algorithms are set to 50000. We run all the methods for
10 times to average out the random fluctuations.

TABLE IV
COMPARISON OF DIFFERENT ALGORITHMS ON RAIL-TO-RAIL AMPLIFIER.

RAlgo Nonsmooth Smooth Relaxation DE
DC Gain 83.95 59.84 Fail 46.78 Fail
Feasible 10/10 2/10 0/10 2/10 0/10
Spec Satisfied 10/10 0/10 0/10 0/10 0/10
# Simulations 13818 41212 50000 45467 50000

As shown in Table IV. Our algorithm (RAlgo) finds out the
feasible solutions for all 10 runs with much less number of
simulations, and all the feasible solutions satisfy the design
specifications. The multiple starting point algorithm with tra-
ditional SQP for local search (Nonsmooth) and the smooth
relaxation method (Relaxation) for local search find feasible
solutions in only 2 runs. But the DC-gains of these 4 feasible
solutions are less than 70 dB, which means they do not meet
the specification requirement as shown in Table III. Smooth
approximation (Smooth) and DE performed poorly for this
circuit. They failed to find feasible solutions in all 10 runs.

V. CONCLUSION

In this paper, we proposed an efficient algorithm for non-
smooth optimization of analog circuit. Shor’s R algorithm
with multiple starting points is used for non-smooth global
optimization. A two-stage strategy is used to deal with con-
straints. Experiments on two test cases show that our proposed
method can achieve better optimization result compared with
the traditional gradient-guided methods and the differential
evolution for non-smooth worst-case optimization of analog
circuits.
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