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Abstract—Stochastic circuits (SCs) offer tremendous area-
and power-consumption benefits at the expense of computational
inaccuracies. Managing accuracy is a central problem in SC de-
sign and has no counterpart in conventional circuit synthesis. It
raises a basic question: how to build a systematic design flow for
stochastic circuits? We present, for the first time, a systematic
design approach to control the accuracy of SCs and balance it
against other design parameters. We express the (in)accuracy of a
circuit processing n-bit stochastic numbers by the numerical
deviation of the computed value from the expected result, in con-
junction with a confidence level. Using the theory of Monte Carlo
simulation, we derive expressions for the stochastic number length
required for a desired level of accuracy, or vice versa. We discuss
the integration of the theory into a design framework that is ap-
plicable to both combinational and sequential SCs. We show that
for combinational SCs, accuracy is independent of the circuit’s
size or complexity, a surprising result. We also show how the
analysis can identify subtle errors in both combinational and
sequential designs.

Keywords: Emerging technologies, error analysis, simulation, sto-
chastic computing.

L INTRODUCTION

Stochastic computing [2][9] has proven effective for a number
of applications including neural networks [4], decoding of low-
density parity codes [14], image-processing [3][12], vector
quantization [19] and filter design [8]. A recent advance is the
development of generic synthesis methods which take a func-
tional description and automatically generate a stochastic cir-
cuit that realizes this function [1][15][18]. Stochastic compu-
ting provides extremely compact, error-tolerant and low-power
implementations of complex functions, but at the expense of
long computation times and some degree of inaccuracy.

Most current approaches focus on the design of stochastic
circuits (SCs) that are functionally correct under idealized
assumptions. It is often assumed that increasing the length » of
stochastic numbers (SNs) used for a computation will improve
its accuracy at the expense of the required time and energy. In
prior work, this trade-off was controlled by running simula-
tions for different values of # and observing the achieved accu-
racy. However, a systematic, mathematical foundation for
quantifying and managing accuracy is lacking.

In this paper, we introduce a framework which formally es-
tablishes a relationship between the accuracy of a stochastic
computation and the SN length » based on the theory of (di-
rect) Monte Carlo simulation [11][13]. Accuracy is quantified
by mean-square error (MSE) A” and the corresponding error &,
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in combination with a confidence level y, The framework can
be used to determine the accuracy of a given stochastic compu-
tation, or to calculate the minimum » (denoted n*) needed to
achieve user-specified € and y. The methodology can be inte-
grated into an SC synthesis flow and provide a foundation for
design state exploration, i.e., systematic comparison of differ-
ent circuit realizations of the desired function in order to meet
accuracy specification with minimal cost.

The accuracy quantification and control methodology is
applicable to combinational and sequential SCs. Many practi-
cal SCs are affected by undesired correlations [17], and a few
decorrelation techniques are known, notably regeneration and
isolation [6]. These techniques add memory elements, often in
large numbers, to the target circuit and thus make it sequential.
Therefore, the ability to handle sequential circuits is essential
even if only functions realizable by combinational SCs are
considered. The accuracy is harder to model in the sequential
case because the individual bits of a stochastic number are no
longer independent of each other. We solve this problem by
extending the proposed theory to time-frame expansions of
sequential circuits. Consequently, our approach is readily ap-
plicable to circuits employing decorrelation techniques. It can
even provide a systematic assessment of whether a chosen
decorrelation strategy provides a satisfactory level of accuracy.

We report the application of our framework to several
combinational and sequential stochastic circuits. An unex-
pected finding is that the accuracy of a combinational SC is
completely determined by its output value and the SN length; it
is independent of the circuit’s size or complexity. For sequen-
tial circuits, the length-accuracy trade-off depends on the out-
put variance, which must be determined from the circuit’s
time-frame expansion. Output variance is represented by a
symbolic expression, which can be generated automatically;
this task is particularly simple for circuits without feedback.
We demonstrate the validity of our framework by comparing
its predictions with simulations for different classes of circuits.
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Fig. 1: Example stochastic calculation using unipolar SNs.
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Fig. 2: (a) Incorrect squarer; (b) decorrelated squarer; (c) incor-
rect quartic circuit; (d) decorrelated quartic circuit.

We also observe that non-obvious design errors can be identi-
fied with the help of our framework, thus suggesting its useful-
ness for stochastic circuit validation.

The paper is organized as follows. Sec. II discusses accuracy
issues in SC, namely errors due to approximation, quantization,
random fluctuations, and undesired correlations. It also propos-
es a general accuracy-driven design flow. Sec. III presents the
paper’s mathematical foundations. Sec. IV describes the pro-
posed framework for quantifying and managing accuracy, and
experimental results are reported in Sec. V.

II.  ACCURACY ISSUES IN STOCHASTIC COMPUTING

The accuracy of a stochastic computation is affected by several
mechanisms. First, SCs can only represent certain classes of
functions. For example, combinational SCs can only imple-
ment certain multilinear polynomials, and if the desired func-
tion does not have a suitable polynomial form, it has to be first
approximated by one. Qian et al. [15] distinguish between
approximation, quantization and random-fluctuation errors.
We do not consider approximation errors; we assume that each
SC is a suitable, but possibly inaccurate, realization a desired
function f. We do consider inaccuracies induced by undesired
correlations [6]. Correlation errors occur when the same ran-
dom source is used for generating multiple SNs, when a single
SN is used multiple times during a computation (as in circuits
with re-convergent fanout), or in sequential circuits with feed-
back. In the remainder of this section, we discuss quantization,
random-fluctuation and correlation errors and provide illustra-
tive examples.

A. Accuracy in the absence of correlation

An n-bit unipolar SN is a stream of n bits whose value is ny/n
if n; out of n bits are 1. Bipolar representation extends the SN
range to [-1,1]. A bipolar SN with n; 1s and n, Os represents
the value (n; —ny)/n. For example, an SN having four 1’s
and six 0’s stands for 4/(4 + 6) = 0.4 in unipolar and for (4 —
6)/(4 + 6) = —0.2 in bipolar. All concepts in this paper apply to
both representations. We use the circuit of Fig. 1 to summarize
stochastic computing and various types of errors that can oc-
cur. This circuit takes four numbers a, b, ¢, d € [0, 1] and cal-
culates the normalized sum of products (ab + cd)/2 using uni-
polar SNs of length » = 10. The binary numbers applied to the
circuit inputs are converted to unipolar stochastic form using
stochastic-number generators (SNGs). Multiplication is per-
formed by AND gates and scaled addition is realized by a
multiplexer with its select input attached to a random source,
i.e., an SN of value 0.5. The outcome can be converted back to

binary using a counter, or it can be further processed in the
stochastic domain.

Quantization errors occur when processing numbers that
cannot be exactly represented by an SN of the current length.
For example, the exact value of ab in Fig. 1 is 0.63, but no 10-
bit SN can represent this number (only 0.6 or 0.7 are possible).
Random fluctuation errors occur when calculating ¢d in Fig. 1:
its exact value is 0.08 ~ 0.1, but due to the specific positions of
1s in the SN representation, a (rather inaccurate) approximation
by 0.2 is computed instead.

B. Correlation-induced inaccuracy

Consider realizing f{x) = x* by an SC (a squarer). Fig. 2a im-
plements it by feeding two copies of the SN representing x into
an AND gate, which might be expected to multiply them.
However, this circuit will keep every bit position of x un-
changed (illustrated by the 4-bit SN x;x,x3x; in the figure),
resulting in the incorrect function /’(x) = x instead of f{x) = x*.
This problem can be resolved by generating an independent SN
with the same value as x, e.g., by converting x to binary and
back to stochastic using a new SNG, however the cost of such
regeneration is extremely high. A lower-cost approach is to add
an isolator flip-flop i to shift one of the SNs by one bit-
position, as shown in Fig. 2b [6]. Then, the SNs at the AND
gate’s inputs are x1x,x3x4 and ix;x,x3;, where i is the initial value
of the isolator. Consequently, the circuit will compute x; -x;_, in
clock cycle j > 1. The 1-probability of every x; is the same as
for the entire SN x, and all bit-positions of x are inde?endent of
each other; therefore, the computed value is indeed x”.

Isolators have to be placed carefully. Fig. 2¢ shows a “quar-
tic” circuit intended to implement x* = (x*)* by cascading two
(correct) squarers from Fig. 2b; the isolators in the two copies
are called i, and i3. For 4-bit SNs, the first squarer calculates y
= YIVaVaVa = X1XoX3X4 - i4x1xx3. The second squarer will calcu-
late z = ziz0z324= Y1yoyaVs - igyiyays = (X1XoX3Xg - X1 X0X3) -
(ipx1xpx3 - ipigx1X2). It can be seen that, for all output bits j > 2,
Z; = X; - X1 - Xi_1 - X5, which is identical to z; = X; - x| - X;5.
Consequently, the circuit calculates the function z = x” instead
of x*. A sufficiently decorrelated version of the circuit with
three isolators ic, ip and ig is shown in Fig. 2d.

Adding isolators turns a combinational circuit into a se-
quential circuit without feedback (a pipeline). Individual bits of
an SN can be considered independent events (Bernoulli exper-
iments) in the combinational but not in the sequential case. For
example, the first two bits z; = x; - iy and z; = x, - x; calculated
by the squarer of Fig. 2b are not independent because both
depend on x;. This further highlights the importance of apply-
ing accuracy management to sequential circuits.

C. Accuracy-driven SC design exploration

In the past, most SC-related research tackled specific problems,
like artificial neural network simulation [4] or LDPC decoding
[14]. More recently, interest has shifted towards the definition
of synthesis flows that are as generic as possible. They aim to
take a user-specified target function as input and automatically
produce an SC that implements this function. A number of
different approaches are now available, including the reconfig-
urable architecture based on Bernstein polynomials [15], the
combinational synthesis algorithm STRAUSS [1], and the ma-
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Fig. 3: Accuracy-driven synthesis flow.

pping procedure in [18]. These methods allow further design
choices: it may be possible to share some SN generators, thus
radically reducing the cost of the circuit but introducing unde-
sired correlations, which can be in turn addressed by the decor-
relation methods mentioned above. Moreover, some designs
deliberately introduce carefully crafted correlations and by
doing so achieve cost savings [3][6].

Fig. 3 shows the role of the accuracy-management frame-
work in the overall SC design flow. The specification (target
function f) is first approximated by a multilinear polynomial, a
Bernstein polynomial, a polynomial quotient, or a different
applicable formalism. (If the function is in the required shape
already, this step is omitted.) Then, a circuit is generated either
manually or using one of the above-mentioned automatic syn-
thesis procedures. Finally, a decorrelation strategy is decided
and appropriate circuitry is inserted.

Each combination of design choices made so far results in a
digital circuit characterized by the cost measures gate count c¢g
and power consumption cp. At this point, the accuracy man-
agement framework from this paper can be applied to each
circuit under consideration to establish the relationship be-
tween accuracy (mean-squared error A%, error &, and confidence
v) and SN length n. For each circuit a number of consistent
combinations of A%, &, y and n will be generated. Now, the
designer can explore the design space by balancing the accura-
cy numbers against cost measures cg, cp and, if needed, derived
cost metrics such as energy consumption per computation.

III.  DIRECT SIMULATION

The theoretical basis for our analysis is standard Monte-Carlo
simulation, referred to as direct simulation (DS) in [11][13]. It
provides a well-understood mathematical framework for sto-
chastic processes and is especially well suited to stochastic
computation. Its basic notion is a base experiment (BE) that is
repeated a given number of times in order to calculate a desired
value. In the context of this paper, an n-bit SN is modeled as a
series of BEs. An introduction to DS can be found in [13],
which is the source for the following definitions and equations.

A real-valued and integrable random variable Y with ex-
pected value E(Y) = f(x), where f(x) is the target function
for a specific input value x, is a base experiment for the compu-
tation of f(x). Let Y3, ... , ¥, be independent identically dis-

tributed random variables
Py = Py. The random variable

with probability distribution

1
Dy =131, Y, (1)

is a direct simulation for the computation of f(x) with n repe-
titions. For example, the target function in Fig.1 is (ab +
cd)/2 and the BEY =rAB + (1 —r)CD, where r is a Ber-
noulli variable with probability 0.5 and A4, B, C, D are Bernoulli
variables with probabilities a, b, ¢ and d.

The mean-square error (MSE) A? of a DS can be directly
deduced from the variance o2of its BE:
1

A%(Dy) == - 0?(Y) )

n

The proof for this and the following equations can be found in
[13]. For the circuit of Fig. 1, 02(Y) = z — z% where z is the
expected result of the computation and n = 10, which leads to
A%(D,) = 0.023.

MSE describes the average error if a stochastic circuit is
run a large number of times with the same input values. In the
SC design context, the accuracy of a single stochastic computa-
tion is more relevant. This is captured by two parameters: pre-
cision (absolute error) € and confidence level 1 —y. Direct sim-
ulation relates € and y to » and provides several techniques to
estimate one of the three parameters €, y and » from the other
two [13]. We use the method based on the Central Limit Theo-
rem (CLT), which provides approximations for the parameters
but can slightly overestimate the circuit accuracy. However,
our simulations show that the approximations are very good for
commonly used SN lengths and the possible overestimation is
very small. We also investigated further methods based on the
Chebyshev and Hoeffding inequalities [13] but found that they
perform worse than CLT in the SC context.

The parameter p,,(¢) describes the probability that a single
DS with n repetitions differs from its expected value (as de-
fined by target function f) by more than €. In other words, it is
the confidence level for a given precision €. The CLT method
estimates this value as

pa(e) ~ 2- <1 —o (@)) 3)

a(Y)
with the standard normal cumulative distribution @.

Conversely, given a confidence level 1 — y, the precision &
is estimated by substituting y for p, (&) in the above equation
and solving for €, which leads to

e~ o7t (1-1). 20 @

which can also be used for constructing confidence intervals
[D,, — €,D,, + €]. Furthermore, it is possible to estimate the
minimum length n*of SNs required to achieve a desired preci-
sion ¢ with a confidence level 1 — y by solving the above

equation for n:
'~ (071 (1- 1) @)2 )

These parameters are important to properly estimate and man-
age the accuracy of an SC, and the equations provide an under-
standing of their interaction, which is not seen in previous
work on this subject. For example, if one is interested in the
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confidence level with which the circuit of Fig. 1 achieves the
precision € = 0.1 using SNs of length n = 100, (3) yields
P100(0.1) = 0.037, which corresponds to a confidence level of
1 —0.037 = 0.963. To estimate the precision achievable with
a confidence level of 90%, (4) should be used; the result is
& = 0.079. Finally, the designer might want to know the min-
imum SN length that will provide precision € = 0.1 with a
confidence of 90%; (5) gives n* = 62.

IV.  QUANTIFYING AND CONTROLLING ACCURACY

A single stochastic computation with n-bit SNs can be seen as
the average of n independent computations with SNs of length
one, which is the basic principle of the underlying simulation
theory. For our accuracy management techniques, we consider
three SC categories: combinational circuits, sequential circuits
without feedback, and sequential circuits with feedback.

A. Combinational circuits

In combinational SCs, each output bit is independent of all
output and input bits in previous clock cycles. The BEY of a
circuit C is therefore equal to the value of the output Z of the
circuit after one clock cycle, which represents an SN of length
one. In the unipolar case, a bit Z is equal to its value as a SN. If
bipolar representation is used, a function v maps Z to its SN
value, as follows:

-t 2L
Hence, Y = v(Z) and
o?(Y)=E(Y?) —E*(Y)=1-z* @)

where z is the expected output of C, i.e., the value that is to be
computed. For unipolar representation, this equation changes to
o?(Y) =z -z

It is surprising to see that the accuracy of a combinational
SC depends only on its expected output value, whereas param-
eters such as its number of inputs and gate count have no influ-
ence. In particular, different combinational SC implementa-
tions of the same target function always have the same accura-
cy, and it is impossible to improve accuracy by re-synthesis.
Note, however, that the value z is normally input-dependent;
therefore, the accuracy of the circuit is determined by the worst
possible z that can occur.

Using the equations from Sec. III, we can derive the MSE
of any combinational stochastic circuit as

4%(C) =

1-2z2
n

®)

Further, using the equations for p,(€) = v, € and n’, one can
manage a circuit’s accuracy by tweaking the values vy, € and n*
in a way that the desired precision and/or SN length is reached.

Table 1 gives minimum sequence lengths in the unipolar
and bipolar domains calculated using (5); note the remarkable
fact that it applies to arbitrary combinational circuits. Con-
versely, if SN length is fixed, we can calculate pairs of con-
sistent (g, y) pairs, and thereby manage the tradeoff between
precision and confidence. For example, if the circuit in Fig.1 is
simulated with n = 100, a precision € = 0.079 can be reached
with confidence 90%, or € = 0.094 with confidence 95%.

Table 1: Approximate minimum SN lengths for combinational
SCs to reach precision € with confidence 1 —y.

Accuracy n
€ Y Unipolar Bipolar
0.2 0.1 16 68
0.2 0.05 22 97
0.1 0.1 62 271
0.1 0.05 88 385
0.05 0.1 248 1083
0.05 0.05 352 1537

B. Sequential circuits without feedback

A major class of sequential SCs without feedback is formed
by combinational circuits with isolators added for decorrela-
tion, asin Fig. 2d. Direct simulation is not readily applicable to
such circuits because different clock cycles are no longer inde-
pendent and so do not satisfy the BE assumption.

We solve this problem by constructing a time-frame expan-
sion [5] of the circuit (shown in Fig. 4 for three time frames),
which is a combinational equivalent of the sequential one and
construct the BE for this circuit. In the general case of k time
frames, this leads to
_ (zqtzp+.+zg)
= Sttt ©)
with Zy = xliciE , Zp = xlxziD , Z3 = xleX3iC N and Z]' =
Xj_3Xj_2Xj_1X; for j € {4, ..., k}. After an initial warm-up time
of three clock cycles it can be assumed that E(i;) = x and
E(ip) = E(iz) = x?%, because the initial states of the isolators
have been shifted out. All inputs are independent of each other

Y

and E(x;) = E(x;) =...= E(x) = x. At this point,
E((Z1+2Z3+..+21)?)
a?(Y) = +"—x8 (10)
which leads to
kx*+2(k—3)x5+2(k-1)x®+2(k—2)x7 +(12-7k)x8
o?(y) = HHERE R R ST (1)

DS for sequential circuits without feedback therefore consists
of only a single execution of the BE. In this case, n (and n") in
Egs. 3-5 become 1, and the SN length is represented by %, the
number of time frames. With this modification, managing the
circuit’s accuracy becomes similar to the combinational case.

C. Sequential circuits with feedback

Application to sequential circuits with feedback follows the
same principle as in Sec. IV.B. However, in the feedback-free
case, only sets of at most [ + 1 terms (with [ being the pipeline
depth) are needed. In general circuits with feedback, all outputs
may depend on inputs from all previous cycles. However, the
calculation of variance (needed to compute MSE, p,,, € and y) is
still possible, even though the equations are more complex.

4 2 3

H ) .fD r'D T'D r-D :.'D
i) N ) N

Z4 2z Z3

Fig. 4: Time-frame expansion for the circuit in Fig. 2d.

4 2017 Design, Automation and Test in Europe (DATE)



Random no. f( Comparator
generator 7A "
pz=
I k Pxilpx2
X1 +— B (Stochastic 3

z

(Binary form of py1) form of py1)

Comparator
Xz

(Stochastic form of py,)

k
L |
k
(Binary form of py2)

Fig. 5: Unipolar divider [7]: feedback is via the D flip-flop.

As an example of a sequential circuit with a feedback, we
use the unipolar CORDIV divider [7] shown in Fig. 5. We
constructed the time-frame expansion of CORDIV as in Fig. 4
and calculated the expression for variance using the computer
algebra system SAGE. The results presented in detail in Sec.
V.C demonstrate a good match between theoretical predictions
and simulation for sequential circuits with feedback.

V.  EXPERIMENTAL RESULTS

We validated our theoretical predictions and the accuracy man-
agement by simulating various circuits from the three catego-
ries: combinational, sequential without feedback, and sequen-
tial with feedback. All simulations have been performed in the
programming language R

A. Combinational circuits

We simulated the circuit for complex-valued matrix multiplica-
tion from [16] as an example of a combinational SC; see Fig. 6.
We discovered that our method is not only useful for designing
and analyzing SCs, but also for detecting design errors. To
validate the circuit of Fig. 6, we simulated it with n = 271,
(which implies a precision of 0.1 and a confidence level of
90% according to Table 1), and a set of randomly generated
input values. We counted the ratio of simulations out of 10,000
repetitions with independently generated SNs that differed by
more than ¢ from the expected result. If the circuit is correctly
specified, this ratio should be around 0.1 (or less because
worst-case inputs are assumed). However, in our sample simu-
lation the ratios for the outputs (oli, olr, 021, 02r) were (0.15,
0.16, 0.41, 0.40), which points to a design error. We checked
the circuit by hand and found that the multiplexers before each
output were misconnected. For example, output oli should
compute ((ar-ili + ai-ilr) + (br-i2i + bi-i2r)).

Fig. 6: Circuit for complex vector-matrix multiplication [16].

To do so, the multiplexer that drives oli should be connected
to the multiplexers with the select inputs rl and rl1, but it is
connected to the multiplexers with select inputs rl and r9.
Simulating the corrected circuit with the same set of input
values led to ratios of (0.09, 0.10, 0.09, 0.10). (We contacted
the authors of [16] who confirmed that the observed error was
introduced when the circuit diagram was incorrectly tran-
scribed from a correct design.)

It might also be possible to identify a design error by run-
ning simulations with different input values and SN lengths
without quantifying accuracy beforehand. However, if the
impact of the design error on the output value is small, the
error can easily be overlooked or attributed to the “natural”
inaccuracy of stochastic computation. Knowing the expected
error and the associated confidence level beforehand makes it
far easier to trigger an alarm and invest effort in validation
when suspicious simulation results are observed.

B. Sequential circuits without feedback

We determined confidence intervals for the x* circuit of Fig. 2d
by using (4) with various values for y. The input value x was
chosen randomly in the range [0, 1]. Fig. 8 shows an example
for values of y = 0.1 and a maximum length n = 150 with
input value x = 0.77. The initial states of the isolators were
random with probability 0.5, and no warm-up period was al-
lowed. Confidence intervals were calculated every 5 bits. The
predicted confidence intervals describe the circuit’s behavior
very well for small SN length 7.

Our methods can also help to detect design errors in sequential
circuits. Suppose a designer builds the improperly decorrelated
circuit in Fig. 2¢, and wrongly assumes that it computes x*.
Then suppose (s)he wants to calculate a minimum length »n*
using the equations from Sec. III. For this purpose, the designer
constructs the circuit's k-time-frame expansion and derives an
expression for o” as the function of £, as in (10): (52(}2 = (k-
DX + 2k = 3 + 2(k = 2)x° + (k— 4)(k = 3°® + 2x° + 2(k -
3)x”) / k* — x®. As in Section IV.B, the SN length is given by k.
It is obtained by setting " in (5) to 1 and solving the resulting
equation for k:

(d)_l (1 — Z) . M)Z ~ 1 (12)
2 €

Eq. 12 can be rearranged into a quadratic equation of the form

al? + bk + ¢ ~ O with a = 1 — gx® + gx®, b= —gx® — 2gx* — 20" +

Tax® = 2gx", ¢ = gx’ + 3gx* + 4gx’ — 14gx® + 6gx” and
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Table 2: MSE for the unipolar CORDIV divider comparing the
predicted and simulated results.

Input values MSE
X, X, Predicted Simulated
0.2780 0.6197 0.0108 0.0106
0.1370 0.2656 0.0305 0.0306
0.0368 0.3707 0.0075 0.0077
0.3890 0.9477 0.0054 0.0053
0.7180 0.7933 0.0026 0.0026
X1=0.035, Xp=0.144
2 = Xy=0.128, Xp= 0.342
2 X,=0.079, X,= 0.486
E [} 20 a0 50
SN length n

Fig. 8: Comparison between predictions and simulations for
pn in the case of the CORDIV divider.

g= (D '(1 —y/2))* / €%. However, solving this equation expos-
es inconsistencies. In this case, most input values x lead to
either complex or negative solutions. For example, if x = 0.18
and ¢ = v = 0.1, solving (12) yields the complex result k =
(219 £V-5.19)/1.98. This clearly tells the designer that a
mistake has been made.

C. Sequential circuits with feedback

In this category we simulated the unipolar divider from Fig. 5.
We compared its predicted MSE to the simulation results for
random inputs in the interval [0, 1] for both X; and X, with the
restriction X; < X,. Fifty sets of input values were generated
and 10,000 repetitions were simulated for each set with inde-
pendently generated input SNs. The SN length was 50 and the
initial state of the flip-flop was randomly set with probability
0.5. No warm-up period was included. Some sample results are
given in Table 2.

Concerning predictions for single simulations, the predicted
confidence level p,(€) was compared to the simulated level.
For this experiment, input values were generated according to
the previous simulation, and SN lengths up to 75 bit were sim-
ulated. For each set of input values 10,000 repetitions with
independently generated SNs were performed, and the ratio of
simulations where the output value differed by more than &
from the expected result was determined for various SN
lengths. Fig. 8 compares the simulated (colored lines) and
predicted values of p,, (¢) (dots) for a sample value of ¢ = 0.1
and three sets of input values. Because our prediction method
is based on the CLT, which is a statement about convergence,
significant deviations between prediction and simulation for
very small » are common but, in general, the predictions con-
verge quickly toward the simulated results.

VI. CONCLUSIONS

We have investigated a central issue in stochastic circuit syn-
thesis, which has received very little attention in the past:

namely, the measurement and control of accuracy. Using Mon-
te Carlo simulation theory, we developed a generic and practi-
cal way to relate accuracy to the stochastic number length. This
method serves as a foundation for a synthesis framework that
makes it possible for a designer to systematically balance accu-
racy against other design parameters. We derived precision-
versus-length relationships that are universally valid for com-
binational circuits. Moreover, we demonstrated the application
of our techniques to the important but little-understood area of
sequential stochastic circuit design, which includes decorrelat-
ed combinational circuits. The validity of the theoretical pre-
dictions was confirmed by simulations for representative clas-
ses of circuits. Moreover, we showed their usefulness in the
context of stochastic circuit validation by providing well-
grounded hints to indicate hard-to-detect design errors.
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